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The spectral efficiency barrier: energy and bandwith

C = W log(1 + SNR)

SNR = C
Eb

N0

lim
C→0

Eb

N0
=

2C − 1

C
= ln(2)

The two degrees of freedom (Energy and Bandwidth) are the barrier limit of
communication.

There is minimum energy to transmit a natural unit of information over a noisy channel.
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Is there a limit to spectral efficiency?

”As the number of users in the network increases, interference becomes the

bottleneck”...the resources must be shared...
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Mobile Flexible Networks: from b/s/Hz to b/s/Hz/m2

Mobile Flexible Networks do not consider wireless resources as a ”cake to be shared”
among users but take benefit of the high number of interacting devices to increase the
spectral efficiency frontier.

More devices represent more opportunities to schedule information which enhances the
global throughput.

Interference is considered as an opportunity rather than a drawback by exploiting
intelligently the degrees of freedom of wireless communications:

• Space (MIMO Network)
• Frequency/time (Cognitive Network)
• User (Opportunistic Network).
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MIMO Network

”We build to many walls and not enough bridges”, Isaac Newton

Combat interference through frequency/space reuse or power control.

Exploit interference through coordination and cooperation.
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MIMO Network

In theory, the only limiting factor for increasing the spectral efficiency is the number of
base stations.

The technology, adequate for dense networks, relies on sophisticated tools of dirty paper

coding and cooperative Beam-forming.
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Cognitive Networks

Cognitive networks coordinate the transmission over various bands of
frequencies/technologies by exploiting the vacant bands/technologies in idle periods.

It requires base stations able to work in a large range of bandwidth for sensing the
different signals in the network and reconfigure smartly.

Example: They will sense the different technologies, the energy consumption of the

terminals and reconfigure (changing from a GSM to UMTS base station if UMTS terminals

are present) to adapt to the standards or services to be delivered at a given time.
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Opportunistic Networks
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Opportunistic Networks

As the number of users increase, the spectral efficiency of opportunistic network

increases, as the probability of having a user with a good channel increases with the

number of users.
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Flexible Networks: a Shannon historic perspective

THREE LANDMARK PAPERS FROM Bell-Labs

1948 ”A Mathematical Theory of Communication”, C. Shannon, Bell System Technical
Journal, Vol. 27 (July and October 1948), pp. 379-423 and 623-656.

1949 ”Communication Theory of Secrecy Systems”, C. Shannon, Bell System Technical
Journal, Vol. 28 (1949), pp. 656-715.

1950 ”Programming a Computer for Playing Chess”, C. Shannon, Philosophical Magazine,
Series 7, Vol. 41 (No. 314, March 1950), pp. 256-275
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Flexible Networks: a Shannon historic perspective

Claude Shannon and his mouse Theseus, in one of the first experience on artificial

intelligence in 1950. Shannon’s mouse appears to have been the first learning device of

this level. Like the learning mouse, flexible radio intends to build learning networks, just on

a much larger, and more complex scale.
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The big dilemma

One of the most challenging problems in the development of this technology is to manage
complexity. The key is to develop:

• The right abstractions to reason about the spatial and temporal dynamics of complex
systems

• Understand how information can be processed, stored, and transferred in the system
with bounded delay.

We refer to this as the ”theoretical foundations of Mobile Flexible Networks”.
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Interdisciplinary Research

The research is highly interdisciplinary and is a blend of

• Statistical inference methods to build devices which would carry plausible reasoning
(Maximum Entropy methods,..).
E. T. Jaynes, ”Probability Theory: The Logic of Science”, Cambridge, 2003.

• Random matrix theory techniques to reduce the dimensionality of the problem i.e find
the parameters of interest in a network rather than optimizing through simulations with
1 billion parameters.
V.A. Marchenko and L.A. Pastur, ”Distribution of Eigenvalues for Some Sets of Random
Matrices”, Math USSR Sb, 1967, vol.1, pp. 457–483.

• Game theoretic techniques (based on rational players) to promote decentralized/adaptive
resource allocation schemes.
J. von Neumann and O. Morgenstern, ”Theory of Games and Economic Behavior”,
Princeton, NJ: Princeton University Press, 1944.
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Interdisciplinary Research

The research is highly interdisciplinary and is a blend of

• Control theory with the use of feedback mechanisms in the realm of cybernetics.
N. Wiener, ”Cybernetics”, John Wiley, 1948.

• Physics to study how information can be processed, stored, and transferred in the
network.
C. H. Bennett and R. Landauer, ”Fundamental Physical Limits of Computation”,
Scientific American 253:1 48-56, July 1985.

• Network Information theory to understand the fundamental limits achievable with
intelligent devices.
R. G. Gallager, ”Basic Limits on Protocol Information in Data Communication Networks”,
IEEE Transactions on Information Theory, 22, 385-399, 1976
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New Mathematical Tools

• Statistical Physics
• Convex Optimization
• Random Matrix theory
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Intelligent Game Networks

From a game perspective, where and how to split the intelligence...which is the purpose of
the course.
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Presentation

Historical development of Game Theory
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Game Theory
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Game Theory

Theme of the Academy Award-winning film ”A Beautiful Mind” inspired by the Nobel Prize

(Economics) winning mathematician John Nash.
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Some notions on Game theory

What is Game Theory?

Basically, Game Theory is the mathematics of strategy.

Game Theory aims to help us to understand situations in which decision makers interact.

The primary theory is the Minimax Theorem which basically says that if all the players of a
game play the best, most rational strategy, the resulting outcome of the game is
predictable.

27



Limitations of Game theory

Is it useful?

Players are considered rational and should determine what is the best

Game Theory aims to help us to understand situation in which decision makers interact.

The primary theory is the Minimax Theorem which basically says that if all the players of a
game play the best, most rational strategy, the resulting outcome of the game is
predictable.
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Applications of Game Theory

• Game theory and Economics (Auman, Schelling (Nobel Prize in 2005)).
• Game Theory and War (Cold war, war on terrorism).
• Game theory and Philosophy (morality from self-interest).
• Game theory and Social Science (Explanation for the democratic peace).
• Game theory and biology (Evolutionnary Stable Strategy introduced by J. M. Smith in

1982) .
• Game theory and computer science (modelling interactive computations).
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Game Theory and Networking

Previous applications of game theoretical tools to all areas of networking.

• Security issues modeled as zero-sum games (Kodialam et al., 2003).
• Non-zero sum games in the context of access to a shared wireless channel (Altman et

al., 2004, MacKenzie et al., 2003).
• Evolutionary games (Bonneau et al., 2005, Menasche et al., 2005).
• Nash Bargaining (Fang et al., 2005, Han et al., 2005).
• Potential games (Sandholm et al., 2001, Shakkottai et al., 2006).
• Match making games applied to output queueing in switches (Chuang et al., 1999).
• S-modular games in the context of power control in wireless networks (Altman et al.,

2003).
• Non-cooperative repeated games and dynamic games (Cao et al., 2002, Felegyhazi et

al., 2005).

First formulation of the communication process as a game:

N. M. Blachman, ”Communication as a Game”, in Proc. IRE WESCON conf., pages

61-66, August 1961.
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Landmark papers

Antoine Augustin Cournot, ”Researches into the Mathematical Principles of the Theory of
Wealth”, 1838

J. Von Neumann, ”Zur Theorie der Gesellschaftsspiele”, Mathematische Annalen 100,
295-320, 1928

J. von Neuman and O. Morgenstern, ”Theory of Games and Economic Behavior”,
Princeton, NJ: Princeton University Press, 1944.

J. F. Nash, ”Equilibrium points in n-points games” Proc. of the National Academy of
Science, Vol. 36, no. 1, pp. 48-49, January 1950.

J. F. Nash, ”The Bargaining problem”, Econometrica, vol. 18, no. 2, pp. 155-162, April
1950.

J. F. Nash, ”Two-person cooperative games”, Econometrica, vol. 21, no. 1, pp. 128-140,
January 1953.
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The Birth of Game Theory

John von Neumann, 1903-1957

J. von Neumann made important contributions in quantum mechanics, functional analysis,
informatics, economics as well as many other fields of mathematics and physics.
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The Birth of Game Theory

Oskar Morgenstern, 1902-1977

Oskar Morgenstern worked on the application of mathematics to economy and laid with J.

Von Neumann the foundations of game theory.
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Formal aspects of Game Theory

Number of players

• One player: Optimization, control theory.
• Two players: Classical case and the best understood.
• Many players: Rich and complicated due to coalitions.

Temporal structure

• Simultaneous: prisonner’s dilemma
• Sequential: Chess.
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Formal aspects of Game Theory

Random factors

• Deterministic: chess
• Probabilistic: Stock market

Access to information

• Complete: chess
• Incomplete: poker
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Presentation

Static Games
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Static games in Strategic Games

Strategic Games: A strategic game consists of:

• A set of players.
• for each player, a set of actions.
• for each player, preferences over the set of action profiles.

Example 1: the players may be firms, the actions prices and the preferences the firm’s
profit.

Example 2: the players may be candidates for political office, the actions campaign
expenditures and the preferences a reflection of the candidates’s probabilities of winning.

We consider for the moment only static games (the players have only one move as a

strategy).
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Strategic Games: some notations

Players: Let P be the set of players. The subscript −i designates all the players
belonging to P except i himself.

Remark: These players are often designated as being opponents of i. In a two player

games, player i has one opponent referred as j.
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Strategic Games: some notations

Strategy: Let S be the joint set of the strategy space of all players S = S1 ∗ ... ∗ SN . Si

corresponds to the pure strategy space of player i whereas the pure strategy of the
opponents of player i is denoted by S−i = S/Si.

The set of chosen strategies constitutes a strategy profile s = {s1, s2, ...}.

Remark: For each player, the strategy assigns zero probability to all moves except one (it
clearly determines one move). The player could also use mixed strategies in the sense
that they choose different strategies with different probabilities.
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Strategic Games: some notations

Utility (or payoff function): Let ui(s) be the benefit of player i given the strategy profile s.
In the two players case, we have U = {u1(s), u2(s)}.

Remark: The payoff function represents a decision maker’s preferences in the sense that
if he prefers a ∈ S to b ∈ S then u(a) > u(b).

Remark: The decision’s maker’s preferences convey only ordinal information. They tell us

that he prefers the action a to the action b but not how much he prefers a to b.
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Strategic Games: complete information

Definition: A game with complete information is a game in which each player has full
knowledge of all aspects of the game.

In particular, the players know:

• who the other players are.
• what their possible strategies are
• What payoff will result for each player for any combination of moves.

Remark: Complete information is different from perfect information. A game is of perfect
information if all players know the moves previously made by all other players (application
for sequential games mainly). Complete information requires that every player know the
strategies and payoffs of the other players but not necessarily the actions!
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Let us start: the prisoner’s dilemma

Context: Two suspects in a major crime are held in a separate cells.

• If they both stay quiet, each will be convicted of the minor offense and spend one year
in prison.

• If one and only one of them finks, he will be freed and used as a witness against the
other who will spend four years in prison.

• If they both fink, each will spend three years in prison.
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Modeling the game

Players: The two suspects

Actions: Each player’s set of actions is {Quiet,Fink}

Preferences: We need a function u1 such as:

u1(Fink,Quiet) > u1(Quiet,Quiet) > u1(Fink,Fink) > u1(Quite,Fink)

For example,

• u1(Fink,Quiet) = 3.

• u1(Quiet,Quiet) = 2.

• u1(Fink,Fink) = 1.

• u1(Quite,Fink) = 0.
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Games and matrices

Suspect 2 Suspect 2
Quiet Fink

Suspect 1 Quiet 2,2 0,3
Suspect 1 Fink 3,0 1,1

• There are gains from cooperation (each player prefers that both players choose Quite
than they both choose Fink).

• However, each player has an incentive to ”free ride” (choose fink?) whatever the other
player does.

• In any case, for those who don’t understand game theory, YOU will always go to jail!

Question: How to solve it? In other words, how to predict the strategy of each player,

considering the information the game offers and assuming that the players are rational?
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Methods to solve static games

• Iterated dominance.
• Nash Equilibrium.
• Mixed Strategies.

In all these techniques, we assume non-cooperative games. Cooperative games require

agreements between the decision makers and might be more difficult to realize (additional

signalization).
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Illustration of the methods in basic examples

• Single hop Packet forwarding.
• Joint packet forwarding.
• Multiple access games.
• Jamming games.
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Single hop packet forwarding

Context: We consider two devices p1 and p2 wanting to send packets respectively to r1
and r2 in each time slot using the player as a forwarder.

• If player p1 forwards the packet of p2, it cost player p1 a fixed cost c (0 < c ≤ 1, c
represents the energy spent).

• If he does so, he enables communication between p2 and r2, which gives p2 a reward
of 1.

• What would be the pay-off?

Of course, each player is tempted to drop the packet to save resources. but the other
player would act the same way....

Question: Represent the Single hop packet dilemma forwarding through a matrix.
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Single hop packet forwarding

p2 p2

F D
p1 F (1-c,1-c) (-c,1)
p1 D (1,-c) (0,0)
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Joint packet forwarding

Context: A sender wants to send a packet to his receiver in each time slot. He needs
both devices p1 and p2 to forward for him.

• There is a forwarding cost c (0 < c ≤ 1) if a player forwards the packet to the sender.
• If both players forward, then they each receive a reward of 1 (from the receiver or the

sender).
• What would be the pay-off?

Question: Represent the joint packet dilemma forwarding through a matrix.
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Joint packet forwarding

p2 p2

F D
p1 F (1-c,1-c) (-c,0)
p1 D (0,0) (0,0)
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Multiple Access Game

Context: Two players p1 and p2 want to send some packets to their receivers r1 and r2
using a shared medium.

• Players have a packet to send at each time slot and they can decide to transmit it or not.
• Their transmission mutually interfere.
• When p1 transmits, it incurs a cost of c.
• The transmission is successful if p2 does not transmit. In this case, p1 gets a reward of

1 from the successful packet transmission.

Question: Represent the multiple access game through a matrix.
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Multiple Access Game

p2 p2

Q T
p1 Q (0,0) (0,1-c)
p1 T (1-c,0) (-c,-c)
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Jamming Game

Context: The objective of the malicious player p2 is to prevent player p1 from a successful
transmission by transmitting on the same channel in a given time slot. The objective of p1

is to succeed in spite of the presence of p2. We suppose that the wireless medium is split
into two channel C1 and C2.

• The player receives a payoff of 1 if the attacker cannot jam.
• The player receives a payoff of -1 if the attacker jams his packet.
• We neglect the transmission cost as it applies to each payoff.

Question: Represent the multiple access game through a matrix.
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Jamming Game

jammer jammer
C1 C2

sender C1 (-1,1) (1,-1)
sender C2 (1,-1) (-1,1)
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Zero and non-zero sum games

The Single hop packet forwarding, the joint packet forwarding and the multiple access
games are non-zero sum games as the players can mutually increase their payoff by
cooperation.

Where is the conflict?

• Single hop packet forwarding: they have to provide the packet forwarding service for
each other.

• Joint packet forwarding: they have to establish the packet forwarding service.
• Multiple Access Game: They have to share a common resource.

The Jamming game is a zero sum game since the reward of one player represents the
loss of the other player.
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Iterated Strict Dominance

Definition Strategy s′i of player i is said to be strictly dominated by his strategy si if

ui(s
′
i, s−i) < ui(si, s−i)∀s−i ∈ S−i

Exercise: Apply the technique of iterated strict dominance to the Single hop Packet
forwarding and the packet forwarding game.
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Iterated weak Dominance

A weaker condition is often needed.

Definition Strategy s′i of player i is said to be weakly dominated by his strategy si if

ui(s
′
i, s−i) ≤ ui(si, s−i)∀s−i ∈ S−i

with strict inequality for at least one s−i ∈ S−i.

The solution of iterated strict dominance is unique, which is not the case for the weak
dominance case.

These techniques are useful to reduce the size of the strategy space.

Exercise: Apply the technique of iterated weakly dominance to the packet forwarding
game and to the multiple access game.
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Best response framework

In the multiple access game,

• If player p1 transmits, then the best response of player p2 is to be quiet.
• If player p2 is quiet, then p1 is better off transmitting a packet.

Definition Denote bi(s−i) the best response of player i to the opponent’s strategy vector
s−i. The best response bi(s−i) of player i to the profile of strategies s−i is a strategy si
such that:

bi(s−i) = argmaxsi∈Siui(si, s−i)

One can see that if two strategies are mutual best responses to each other, then no player
would have a reason to deviate from the given strategy profile.

This is the start of the Nash equilibrium
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The Birth of the Nash Equilibrium

J. F. Nash, ”Non-Cooperative Games”, Doctoral Dissertation, Princeton University, 1950.

John Forbes Nash, Jr., 1928-
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Nash Equilibrium

Definition The pure strategy profile s∗ constitutes a Nash equilibrium if, for each player i,

ui(s
∗
i , s
∗
−i) ≥ ui(si, s

∗
−i), ∀si ∈ Si

Expressed differently, a Nash equilibrium embodies a steady stable ”social norm”: if
everyone else adheres to it, no individual wishes to deviate from it.

Remark: It can be shown that a solution derived by iterated strict dominance is a Nash
equilibrium.

Exercise: What is the Nash equilibrium for the Prisonner’s dilemma?

Exercise: Show that the Jamming game:

• Cannot be solved by iterated strict dominance.
• has no pure strategy Nash equilibrium.
• Can we find an equilibrium of another nature in this case?
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Mixed Strategies

Players can decide to play each the pure strategies with some probabilities.

Definition The mixed strategy σi(si) (also denoted σi) of player i is a probability
distribution over his pure strategies si ∈ Si.

Player’s i’s utility to profile σ is then given by:

ui(σ) =
∑
si∈Si

σi(si)ui(si, σ−i)
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Example with the multiple access game

Denote x the probability with which player p1 decides to transmit and y the probability for
p2.

p1 and p2 stay quiet with probability 1− x and 1− y, respectively.

The payoff of player p1 is:

u1 = x(1− y)(1− c)− xyc = x(1− c− y)

The payoff of player p2 is:

u2 = y(1− x)(1− c)− xyc = y(1− c− x)

Each user wants to maximize his utility.
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Example with the multiple access game

Analysis of the best response of p2 for each strategy of p1.

If x < 1− c, then u2 is maximized by setting y to the highest possible value i.e y = 1.

If x > 1− c, then u2 is maximized by setting y to the lowest possible value i.e y = 0.

However, if x = 1− c, any strategy of p2 is a best response. The game being symmetric,
reversing the roles of the two players leads of course to the same result.

This means that (x = 1− c, y = 1− c) is a mixed-strategy Nash equilibrium for the
multiple access Game.

Exercise: Show that for the jamming game a mixed strategy nash equilibrium dictates
each player to play a uniformly random distribution strategy (selecting one of the channels
with probability 0.5).
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Importance of mixed strategies

J. Nash, ”Equilibrium points in n-person games”, Proceedings of the national academy of
Sciences, vol. 36, pp. 48-49, 1950.

J. Nash, ”Non-cooperative games”, the annals of mathematics, vol. 54, no. 2, pp.
286-295, 1951.

The importance of mixed strategies is mainly due to the following theorem.

Theorem. Every finite strategic-form game has a mixed strategy equilibrium

Proof: Left as an exercise (Walid Saad)

Remark: For mixed strategies, there is the underlying assumption that players are
uncoordinated in their random choice.
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The paper (11 pages)
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Some useful theorems

Theorem: Consider a strategic-form game whose strategy spaces Si are nonempty
compact convex subsets of an Euclidean space. If the payoff functions ui are continuous
in s and quasi-concave in si, there exists a pure-strategy Nash equilibrium.

This theorem is useful of games with an uncountable number of actions and the payoffs
are continuous.
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Some useful theorems

Theorem: Consider a strategic-form game whose strategy spaces Si are nonempty
compact subsets of a metric space. If the payoff functions ui are continous then there
exists a Nash equilibrium in mixed strategies.

The theorem is useful when the payoff functions are continuous but not necessarily
quasi-concave.
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Equilibrium Selection

To solve a game, one has to investigate the existence of a Nash equilibria.

Three ways have been provided: iterated dominance, pure strategy Nash equilibria, mixed
strategy Nash equilibria.

The next steps are:

• To determine the uniqueness or not of the equilibrium.
• When several equilibrium exists, one has to determine the most efficient.

Equilibrium selection intends to determine which one to choose by studying the efficiency
of the equilibrium.
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Strategic Games: incomplete information

In games of incomplete information, the Nash equilibrium definition is refined to reflect
uncertainties about player’s types, leading to the concept of Bayesian equilibrium.
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Example of the Multiple Access Game

Both players in the multiple access game know that three Nash equilibria exist:

• Two pure strategy Nash equilibria (Q,T) and (T,Q).
• One mixed strategy equilibrium.

What should be the final strategy?
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Efficiency through Pareto optimality

A method to identify the desired equilibrium point in a game is to compare strategy
profiles using the concept of Pareto-optimality.

Definition. The strategy profile s is Pareto-superior to the strategy profile s′ if for any
player i ∈ N :

ui(si, s−i) ≥ ui(s
′
i, s
′
−i)

with strict inequality for at least one player.

The strategy profile s∗ is pareto-optimal if there exists no other strategy that is
pareto-superior to s∗.

Remark: One cannot increase the utility of player i without decreasing the utility of at
least one other player. In the Nash equilibrium, one can not UNILATERALLY change his
strategy to increase his utility.
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Single hop packet forwarding

p2 p2

F D
p1 F (1-c,1-c) (-c,1)
p1 D (1,-c) (0,0)

The Nash equilibrium (D,D) is not pareto-optimal. However, the strategy profilt (F,F) is
pareto-optimal.
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Joint packet forwarding

p2 p2

F D
p1 F (1-c,1-c) (-c,0)
p1 D (0,0) (0,0)

(F,F) and (D,D) are Nash equilibria but only (F,F) is pareto optimal.
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Multiple Access Game

p2 p2

Q T
p1 Q (0,0) (0,1-c)
p1 T (1-c,0) (-c,-c)

(T,Q) and (Q,T) are Nash equilibria and Pareto optimal.

The mixed strategy Nash equilibrium (x = 1− c and y = 1− c) results in the expected
pay-off (0,0) and is pareto inferior to the two pure strategy Nash equilibria.

It can be shown that there exists no mixed strategy profile that is Pareto-superior to all
pure strategies

Why? Any mixed strategy of a player i is a linear combination of his pure strategies with
weights that sum to one.
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Jamming Game

jammer jammer
C1 C2

sender C1 (-1,1) (1,-1)
sender C2 (1,-1) (-1,1)

There exists no pure strategy Nash equilibrium. All pure strategies are pareto-optimal.
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Can we cooperate without cooperating?

We only went through one type of equilibria in the case of non-cooperative games.

Nash equilibirum may be very efficient and cooperation is sometimes better off (Pareto
equilibrium).

However, we don’t necessarily need cooperation. Coordination is enough (Correlated
equilibrium).

Example: (Aumann and Schelling, Nobel prize): People can coordinate rather well without
communicating.

R. J. Aumann, ”Subjectivity and Correlation in Randomized Strategies”, Journal of
Mathematical Economics, 1: 67-96, 1974.

• Consider the game where two people are asked to select a positive integer.
• If they choose the same integer, both get an award, otherwise no award is given.
• In such a setting, the majority tends to select the number 1. This number is distinctive,

since it is the smallest integer.
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Correlated Games

Robert Ysral Aumann, 1930-

He received the Noble prize in economy in 2005 with Thomas Schelling for his
contribution to the analysis of conflict and cooperation with Game theoretic tools.
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Correlated Games

The correlated equilibria are defined in the context where there is an arbitrator who can
send (private or public) signals to the players.

These signals allow the players to coordinate their actions and perform joint
randomization over strategies.

The arbitrator can be a virtual entity (the players can agree on the first word they hear on
the radio) and generate signals that do not depend on the system.

A multi-strategy obtained using the signals is a set of strategies (one strategy for each
player which may depend on all the information available to the player including the signal
it receives)

It is said to be a correlated equilibrium if no player has an incentive to deviate unilaterally
from its part of the multi-strategy.

A special type of ”deviation” can be of course to ignore the signals.
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Evolutionary Games

M. Smith, ”Game Theory and the Evolution of Fighting”, Edinburgh University Press, 1972

M. Smith, ”Evolution and the Theory of Games”, Cambridge University Press, UK, 1987

T. L. Vincent and T. L. S. Vincent, ”Evolution and Control System design”, IEEE Control
Systems Magazine, 20(5): 20-35, October 2000
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Optimality of the Nash Equilibirum

D. Braess, ”Uber ein paradoxen der werkehrsplannug”, Unternehmenforschung, 12,
256-268, 1968.

In many cases, the Nash equilibrium solution is not optimal.

Adding more options to the players does not necessarily improve the performance
(Braess paradox).

Incentive mechanisms (through punishment,..) can on the contrary push the players
towards the desired solution.

C. Saraydar, N. B. Mandayam and D. J. Goodman, ”Efficient Power Control via Pricing in
Wireless Data Networks”, IEEE Trans. on Communications, 50(2): 291-303, February
2002
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The price of Anarchy

Centralized system: With a centralized system, one can have a global perspective with
achieves a social optimum. This point is in many respect efficient but unfair.

Decentralized: In this case, players are in competition and one operating point is the Nash
equilibrium. This point is in many respect not efficient but the players have no regret.

The Price of Anarchy (PoA), defined as the ratio of the cost function at equilibrium with the
social optimum case, measures the price of not having a central coordination in the
system
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The Price of Anarchy

Suppose we have a system where cost functions C depend on the total demand x.
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Social Optimum

The cost of participant is given by: C(x) =
∑

a∈A ca(xa)xa

Definition: A social optimum is a feasible flow xso which minimizes C(.).
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Wardrop equilibrium

J. G. Wardrop, ”Some theoretical aspects of road traffic research”, Proc. Inst. Civ. Eng.,
Part 2, 1, 325-378, 1952

Definition: A wardrop equilibrium is a flow xNE such that nobody can switch to a path with
a smaller travel time.

Characterization: (Smith (1979), Dafermos (1980)) The wardrop equilibrium is
characterized by the variational inequality:∑

a∈A

ca(x
NE
a )x

NE
a ≤

∑
a∈A

ca(x
NE
a )xa

for all x. One can show that the wardrop equilibrium exists and is unique (Beckmann,
Mcguire and Winsten, 1956)
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Wardrop equilibrium

A. Haurie and P. Marcotte, ”On the Relationship between Nash-Cournot and Wardrop
Equilibria,” Networks, vol. 15, pp. 295-308, 1985.

Wardrop (1952) postulated that users in a network game select routes of minimal length.
In the asymptotic regime, the non-cooperative game becomes a non-atomic one, in which
the impact of a single player on the others is negligible.

In the networking game context, the related solution concept is often called Wardrop
equilibrium and is often much easier to compute than the original Nash equilibrium.
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Price of Anarchy

The price of anarchy measures the impact of a lack of central coordination.

POA =
C(NE)

C(SO)

Theorem: For affine costs,

POA ≤
4

3

Selfishness drives the system close to optimality!
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Proof

J. R. Correa, A. S. Shultz and N. E. Stier Moses, ”On the inefficiency of equilibria in
congestion games”, in Proc. of the 11th Conf. on Int. Prog. and Comb. Opt. (IPCO’05),
pages 167-181, 2005.

C(NE) =
∑
a∈A

ca(x
NE
a )x

NE
a ≤

∑
a∈A

ca(x
NE
a )xa

=
∑
a∈A

ca(xa)xa +
∑
a∈A

(
ca(x

NE
a )− ca(xa)

)
xa

≤ C(x) +
1

4

∑
a∈A

ca(x
NE
a )x

NE
a

= C(x) +
1

4
C(NE)
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General costs

J. R. Correa, A. S. Shultz and N. E. Stier Moses, ”A geometric approach to the price of
anarchy in nonatomic congestion games”, in Proc. of the 11th Conf. on Int. Prog. and
Comb. Opt. (IPCO’05), pages 167-181, 2005.

C(NE) ≤
∑
a∈A

ca(xa)xa +
∑
a∈A

(
ca(x

NE
a )− ca(xa)

)
xa

≤ C(x) + β(C)C(NE)

Let

β(C) = max0<x<y

(
[ca(x)− ca(y)]x

ca(y)y

)
= max

(
shared area

big rectangle

)
Theorem: If cost are drawn from a family of continuous costs C,

POA =
C(NE)

C(SO)
≤ (1− β(C))
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Bounds on the price of anarchy

Theorem. For polynomials of maximum degree p, the price of anarchy is bounded by:

degree 1 2 3 4 ... p

POA 4/3 1.626 1.896 2.151 ... Ω( p
ln(p))
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Dynamic Games

T. Basar and G. J. Olsder, Dynamic Non-Cooperative Game Theory, London/New York:
Academic Press. Jan. 1995

In the static game, players move simultaneously without knowing what the other players
do.

The case of sequential interaction, the framework falls in the realm of dynamic games.

These games are represented in an extensive form as opposed to the strategic form.
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Complete information versus perfect information

A game with perfect information is game where the players have perfect knowledge of all
the previous moves in the game at any moment they have to make a new move.

It concerns only the previous moves. Hence, there is still a game.
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Strategic versus extensive

In the strategic form, the game was represented by a matrix.

In the extensive form, the game is represented by a tree.

The root of the tree is the start of the game.

One level of the tree is a stage.

The sequences of moves define a path on the tree.

Each node has of course a unique history.

Each terminal node of the tree defines a potential end of the game called outcome and it
is assigned a corresponding pay-off.

Finite-horizon games are considered (a game with a finite number of stages).
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Classical example: Sequential Multiple Access Game

A basic technique in CSMA/CA protocol

The two devices p1 and p2 are not perfectly synchronized.

p1 decides to transmit or not.

p2 observes p1 before making his own move.

The strategy of p1 is to transmit (T) or to be quiet (Q).
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Representation of the Sequential Multiple Access Game

p1 p2 payoff
T T (-c,-c)
T Q (1-c,0)
Q T (0,1-c)
Q Q (0,0)

How many pure Nash equilibria do we have?
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Important Result

H. W. Kuhn, ”Extensive Games and the problem of information”, Contributions to the
Theory of Games II, 1953.

Theorem. (Kuhn, 1953). Every finite extensive-form game of perfect information has a
pure strategy
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Backward induction for Sequential Multiple Access Game

How do we solve the game?

If player p2 plays the strategy T then the best response of player p1 is to play Q.

however, T is not the best strategy of player p2 if player p1 chooses T

We can eliminate some possibilities by backward induction.
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Backward induction for Sequential Multiple Access Game

Player p2 knows that he has the last move...
p1 p2 payoff
T T (-c,-c)
T Q (1-c,0)
Q T (0,1-c)
Q Q (0,0)

Given all the best moves of p2, player p1 calculates his best moves as well.

It turns out that the backward induction solution is the historical move (T) then (Q).
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Backward induction

The technique of backward induction is similar to the iterated strict dominance technique.

It helps reducing the strategy space but becomes very complex for longer extensive form
games.

The method provides a technique to identify Stackelberg equilibrium.
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Stackelberg equilibrium

Definition. The strategy profile s is a Stackelberg equilibrium with player p1 as the leader
and player p2 as the follower if player p1 maximizes his payoff subject to the constraint that
player p2 chooses according to his best response function.

Application:

• If p1 chooses T then the best response of p2 is to play Q (payoff of 1-c).
• If p1 chooses Q, then the best response of p2 is T (payoff of 0 for p1).

p1 will therefore choose T which is the Stackelberg equilibria.

100



Exercise

Discuss the extensive form for the other three cases.
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Summary

Except for the case of repeated games (players interact several times), we have now
the main tools to analyze different non-cooperative schemes in wireless networks.

We will deal with repeated games if time is left..
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Norm of a matrix

Definition. A norm T (H) on the space of N ×N matrices satisfies the following
properties:

(1) T (H) ≥ 0 with equality if and only if H = 0 is the all zero matrix.

(2) For any two matrices H1 and H2,

T (H1 + H2) ≤ T (H1) + T (H2)

(3) For any scalar α and matrix H,

T (αH) =| α | T (H)
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Hilbert-Schmidt norm

For an N ×N complex matrix W = (wij), the Hilbert-Schmidt norm (or Schur norm or
Euclidean norm or Frobenius norm) of W is defined as:

|| W ||=
√∑

ij

| wij |2
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Affine function

An affine function consists of a linear transformation followed by a translation:

x→ Ax + b
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Compact

A subset X of a Euclidean space is compact if any sequence in X has a subsequence
that converge to a limit point in X.

The definition of compactness for more general topological spaces uses the notion of
”cover”, which is a collection of open sets whose union includes the set X.

X is compact if any cover has a finite subcover.

A subset of Euclidean space Rn is called compact if it is closed and bounded.
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Convex

A set X in a linear vector space is convex if, for any x and x′ belonging to X and any
λ ∈ [0, 1], λx + (1− λ)x′ belongs to X

A real-valued function f defined on an interval is called convex if for any two points x and y
in its domain C and any t in [0,1], we have

f(tx + (1− t)y) ≤ tf(x) + (1− t)f(y)

A differentiable function of one variable is convex on an interval if and only if its derivative
is monotonically non-decreasing on that interval.

The convex hull for a set of points X in a real vector space V is the minimal convex set

containing X.
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Quasiconvex

A function defined on a convex subset S of a real vector space is quasiconvex if whenever
x, y ∈ S and λ ∈ [0, 1] then

f(λx + (1− λy)) ≤ max (f(x), f(y))

A quasiconcave function is a function whose negative is quasiconvex.
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Convex optimization

Stephen Boyd, Lieven Vandenberghe. ”Convex Optimization”. Cambridge University
Press. 2004

Given a real vector space X together with a convex, real-valued function f defined on a
convex subset L of X , the problem of convex optimization is to find the point x∗ in L

such that:
f(x∗) ≤ f(x)

for all x ∈ X

Results: The following statements hold for convex optimization:

• the set of all (global) minima is convex.
• if the function is strictly convex, then there exists at most one minimum.
• if a local minimum exists, then it is a global minimum.
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Karush-Kuhn-Tucker: sufficient conditions

Let f : Rn → R be the function to be minimized under the continuously differentiable
constraints gi : Rn → R, (i = 1, ..,m) and hj : Rn → R, (j = 1, ..., l). If x∗ is a local
minimum, then there exists constants µi(i = 1, ...,m) and λi(i = 1, ..., l) such as

f
′
(x∗)−

m∑
i=1

µig
′
i(x∗)−

l∑
j=1

λjh
′
j(x∗) = 0

with
µi ≥ 0(i = 1, ...,m)

gi(x∗) ≥ 0, (i = 1, ...,m)

hj(x∗) = 0, (j = 1, ..., l)

µigi(x∗) = 0, (i = 1, ...,m)
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Karush-Kuhn-Tucker: necessary conditions

Let f : Rn → R be convex and the constraints gi : Rn → R, (i = 1, ..,m) and
hj : Rn → R, (j = 1, ..., l) be respectively concave and affine functions. If there exists
constants µi(i = 1, ...,m) and λi(i = 1, ..., l) such as

f
′
(x∗)−

m∑
i=1

µig
′
i(x∗)−

l∑
j=1

λjh
′
j(x∗) = 0

with
µi ≥ 0(i = 1, ...,m)

gi(x∗) ≥ 0, (i = 1, ...,m)

hj(x∗) = 0, (j = 1, ..., l)

µigi(x∗) = 0, (i = 1, ...,m)

then the point x∗ is a global minimum
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General Multiple Input Multiple Output Model

Model representing multiple-antennas, CDMA, OFDM, ad-hoc networks with
cooperation,...

y = W s + n

Received signal MIMO matrix emitted signal AWGN

N × 1 N ×K K × 1 ∼ N (0, σ2IN)

Let

W =

 u U

 , s =

[
s1
x

]
The goal is to detect s.
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Shannon Capacity

Mutual information M between input and output:

M(s; (y,W)) = M(s;W) + M(s; y |W)

= M(s; y |W)

= H(y |W)−H(y | s,W)

= H(y |W)−H(n)

The differential entropy of a complex Gaussian vector x with covariance Q is given by

log2 det(πeQ).
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Shannon Capacity

In the case of Gaussian independent entries, since

E(yyH
) = σ

2
IN + WQW

H

E(nnH
) = σ

2
IN

The mutual information per dimension is:

CN =
1

N
(H(y |W)−H(n))

=
1

N

(
log2det(πe(σ2

IN + WQW
H
))− log2det(πeσ2

IN)
)

=
1

N

(
log2det(IN +

1

σ2
WQW

H
)

)
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MMSE Receiver

Model example :

y = Ws + n

= us1 + Ux + n

= us1 + n
′

E(n′n′H) = (UU
H
+ σ

2
I) = QΛQ

H

Whitening filter:

ỹ = Λ
−1
2Q

H
y = Λ

−1
2Q

H
us1 + Λ

−1
2Q

H
n
′

= gs1 + b

b is a white Gaussian noise.
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MMSE Receiver

ỹ = Λ
−1
2Q

H
us1 + b

Define g = Λ−
1
2QHu

The output SINR is maximized with:

g
H
ỹ = g

H
gs1 + g

H
b

As a consequence, the receiver is:

g
H
Λ
−1
2Q

H
= u

H
(
QΛ

−1
Q

H
)

= u
H
(
UU

H
+ σ

2
IN

)−1
Remark: The usual MMSE receiver is the unbiased one:

u
H
(
WW

H
+ σ

2
IN

)−1
=

1

1 + uH
(
UWUH + σ2IN

)−1
u
u
H
(
UU

H
+ σ

2
IN

)−1
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MMSE Receiver

After MMSE filtering, we obtain:

g
H
ỹ = g

H
gs1 + g

H
b

with g = Λ−
1
2QHu

Signal to Interference plus Noise Ratio (SINR):

βN =
(gHg)2E(| s1 |2)

gHg
= g

H
g = u

H
(
UU

H
+ σ

2
IN

)−1
u

.
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Multi-user Model
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Basic example: OFDMA case

We consider the uplink of a single cell network.

K users are simultaneously communicating with a base station using OFDM modulation
over N carriers.

At each time instant, each carrier i of each user k is characterized by a fading realization
hk(i).

As a consequence, the received signal on carrier i at the base station is given by:

y(i) =
∑
k∈Mi

hk(i)xk(i) + n(i)

where n(i) is a zero mean gaussian noise with variance σ2.
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Basic example: OFDMA case

At the base station, the SINR of user k on carrier i is therefore:

SINRk(i) =
Pk(i) | hk (i) |2

σ2 +
∑K

j=1,j ̸=k Pj(i) | hk (i) |2
.

The corresponding capacity of user k on a given carrier:

Ck(i) = log2

(
1 +

Pk(i) | hk (i) |2

σ2 +
∑K

j=1,j ̸=k Pj(i) | hk (i) |2

)
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Utility function

In order to place ourselves in a game theoretic setting, we have to define a utility for the
users.

Utility measures the gain of a user as a result of the strategy this user plays.

It is natural to define utility as the ratio of the throughput to the transmit power.

This is a relevant performance measure, as each mobile wants to use its (limited) battery

power to transmit the maximum possible amount of information.
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Utility function

Therefore, the utility of user k can be written

uk =
Ck

Pk

. (1)

This utility is expressed in bits per Joule.

In the non-cooperative game setting, each user wants to selfishly maximize his utility.

A Nash equilibrium is obtained when no user can benefit by unilaterally deviating from his

strategy.
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Utility function

From now on, we denote SINRk = βk, whichever filter is actually used.

The throughput is given by Ck = C(βk).

To obtain the maximum utility achievable by user k, we derive uk with respect to the
power Pk and equate to 0. We obtain

Pk

∂βk

∂Pk

C
′
(βk)− C(βk) = 0.

However, in the OFDMA case and CDMA case (see next slides), we have that
Pk

∂βk
∂Pk

= βk

Thus, the problem reduces to finding β⋆ that satisfies

βkC
′
(βk)− C(βk) = 0.
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Utility function

βkC
′
(βk)− C(βk) = 0. (2)

The existence of a solution is guaranteed as long as the utility is a quasiconcave function
of the SINR.

In addition, we assume that the function C(·) takes value C(0) = 0, so that users cannot
achieve an infinite utility by not transmitting.

The uniqueness of the solution β∗ is due to the fact that the SINR of each user is a strictly
increasing function of its transmit power.

In our case, considering the function log2(1 + βk), the problem reduces into finding

β∗

1 + β∗
= log(1 + β

∗
)

However, the solution obtained is β∗ = 0. Other types of rates should be used.

127



Existence of a NE

A Nash equilibrium in a non-cooperative game exists if the strategy set space is a
nonempty, convex and compact subset of a Euclidean space, and if the utility function of
each player of the game is quasiconcave in its own power (i.e there exists a point below
which the function is nondecreasing and above which the function is nonincreasing)

The first condition is met since the strategy space is [0, Pmax]

For the second condition, it suffices to show that the utility function uk is increasing in an

ϵ-neighborhood of pk = 0 and that the first order partial derivative of uk with respect to pk

has only one zero for pk > 0.
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Utility function

F. Meshkati, H. V. Poor, S. C. Schwarz and N. B. Mandayam, ”An energy-efficient
approach to power control and receiver design in wireless data networks” IEEE
Transactions on Communications, Volume 53, Issue 11, Nov. 2005 Page(s): 1885 - 1894

Define Ck = Rk.f(βk) where Rk is the transmission rate and f(βk) is the efficiency
function.

The efficiency depends on the modulation, coding and packet size but should be
increasing with the following constraints: f(0) = 0 and f(∞) = 1.

Example: For a packet which contains M bits, f(βk) = (1− e−βk)M .

In this case, with M = 100, β∗ = 6.48 = 8.1dB.

Be careful, with M = 100, it does not work!
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Utility function with delay constraints

F. Meshkati, H. V. Poor, S. C. Schwarz, ”A non-cooperative power control game in
delay-constrained multiple access networks”, Proceedings of the IEEE International
Symposium on Information Theory (ISIT), Adelaide, Australia, September 2005

Let X be the number of retransmissions required for a packet to be received without any
errors.

Any constraint on the transmission delay can be expressed on the number of
retransmissions.

Pr(X = m) = f(β)(1− f(β))
m−1

The delay requirements of a particular user is given by the pair (D, q) such as:

Pr(X ≤ D) ≥ q

which translates into
∑D

m=1 f(β)(1− f(β))m−1 ≥ q.
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Utility function with delay constraints

F. Meshkati, H. V. Poor, S. C. Schwarz, ”A non-cooperative power control game in
delay-constrained multiple access networks”, Proceedings of the IEEE International
Symposium on Information Theory (ISIT), Adelaide, Australia, September 2005

D∑
m=1

f(β)(1− f(β))
m−1 ≥ q

The delay constraint translates into a lower bound on the SINR β.

Hence, the lower bound is given by:

β
lower

= f
−1

(1− (1− q)
1
D)
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Nash equilibrium of the game with delay constraints

Each user will seek to maximize its utility while satisfying its SINR requirement.

This can be captured by defining a delay-constrained utility for user k as

• udelay
k = uk if βk ≥ βlower

k

• udelay
k = 0 if βk < βlower

k

Remember that β∗ is solution of f(β) = βf ′(β).

It can be shown that for some type of efficiency functions (the one we exhibited for
example) that uk is an increasing function of pk if βk < β∗ and for all βk > β∗, uk is a
decreasing function of pk

udelay
k is maximized when the user transmits at a power level udelay∗

k such as:

β
delay∗
k = max(β

lower
k , β

∗
)
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Nash equilibrium of the game with delay constraints

Result. The Nash equilibrium for the non-cooperative game is given by
pdelay∗
k = min(pk∗, Pmax) where pk∗ is the transmit power that results in the SINR equal

to βdelay∗
k solution of

β
delay∗
k = max(β

lower
k , β

∗
)
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Nash equilibrium of the game with delay constraints

Proof. udelay∗
k is maximized when the transmit power is such as

βdelay∗
k = max(βlower

k , β∗).

If βlower
k can not be achieved, the user must transmit at maximum power level to maximize

his utility.

Let plower
k be the power level for which the SINR is equal to βlower

k .

We have in any case plower
k ≤ Pmax (otherwise, the user is not admit it in the network) and

because udelay
k = 0 for pk < plower

k , there is no incentive for the user to transmit at a
power level smaller than plower

k .

Hence, the set of strategies are restricted to [plower
k , Pmax], an interval in which the utility is

continuous and quasiconcave and thus has a Nash equilibrium.
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Nash equilibrium of the game with delay constraints

Proof. As a result, β∗ which is the solution of

f(β) = βf
′
(β)

is unique and as a result βdelay∗
k is unique.
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OFDMA case

Exercise: Treat the two user OFDMA case.
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Social optimum scenario for OFDMA

What is the users do not behave selfishly?

On the contrary, in a social optimum scenario, the purpose for the users is to maximize the
total utility of the system, i.e., the total throughput divided by the total power needed to
attain this throughput:

u
coop

=

∑K
k=1 Ck∑K
k=1 Pk

. (3)

Ck, as previously, will depend on the kind of receiver considered.
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Social optimum scenario for OFDMA

Given the definition of P ⋆
k , for all k,

C(βk)
Pk
≤ C(β⋆)

P⋆
k

. Since P ⋆
k0

= mink P
⋆
k , we further

have
C(βk)

Pk
≤ C(β⋆)

P⋆
k
≤ C(β⋆)

P⋆
k0

. Thus we obtain

C (βk)

C (β⋆)
≤

Pk

P ⋆
k0

.

Summing over k = 1...K, we finally obtain∑K
k=1 C (βk)∑K

k=1 Pk

≤
C (β⋆)

P ⋆
k0

.

This completes the proof.

Only the user with the best channel transmits at a time. Hence, the optimal policy is time
sharing.

There are some strong connections between game theory and information theory
(multiuser diversity)
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Network MIMO Model

S ≥ 2 base stations (BS) with different

• Noise power levels
• Bandwidth
• Number of receive antennas.

The base stations are perfectly connected and use non-overlapping bands of frequency.
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Cognitive terminals

K ≥ 2 mobile stations (MS) equipped with a cognitive radio:

• to sense the quality of its links with the different BS
• to share its transmit powers among the Base stations.

The users are selfish and free to chose their power allocation such that they maximize
their individual transmission rates.

Hard handover: the task of a given user is to decide on the best base station to connect
to, given the fact that the base stations have different characteristics.

Soft handover: the task of a user consists in optimally sharing its transmit power between
the different base stations.

In each case, we study the existence of a Nash equilibrium and evaluate the performance

of the system.
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Model

Baseband signal received at BS s

ys =

Ks∑
k=1

hs,kbs,k + zs,

• zs complex white Gaussian noiseN (0, Ns);
• The total number of users is K =

∑S
s=1 Ks.

• E|bs,k|2 = αs,kP with
S∑

s=1

αs,k = 1

Soft handover: αs,k ∈ [0, 1];
Hard handover: αs,k = 0 or αs,k = 1;

• BS use either Single User Decoding (SUD) or Successive Interference Cancellation
(SIC).
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Toy Examples

Hard Handover
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Hard Handover with single user decoding

Let xs = Ks
K and hs,k = 1.

• The payoff of user k if it connects to BS s:

u
(s)
k (x) = log2

[
1 +

P

Ns + (Kxs − 1)P

]
• Existence of the Nash equilibrium: congestion games Rosenthal 1973.
• At the NE, all the users have the same payoff: u(s)

k (x) = u
(j)
k (x).

x
NE,SUD
s =

1

S
+

1

S

S∑
j=1

Nj −Ns

KP

+

and

R
NE,SUD
sum = R

SUD
sum (x

NE,SUD
) =

S∑
s=1

Kx
NE,SUD
s log2

[
1 +

P

Ns + (KxNE,SUD
s − 1)P

]

Users are equally split between the base stations when the channel conditions are the

same.
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Hard Handover with Successive interference cancellation

• The decoding order at BS s is dictated by a random source with Ks! equiprobable
states;

• The payoff of user k connected to BS s:

u
(s)
k (x) =

1

Kxs

log2

[
1 +

KxsP

Ns

]

• At the NE user k has the same payoff whatever the BS it connects: u(s)
k = u

(j)
k , ∀j ̸= s

• The achievable network sum rate is:

R
NE,SIC
sum = R

SIC
sum(x

NE,SIC
) =

S∑
s=1

log2

[
1 +

KxNE,SIC
s P

Ns

]
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Hard Handover with Full cooperation upper bound

• The network sum rate for the K × S virtual MIMO system is:

R
C
sum(x) =

S∑
s=1

log2

[
1 +

KxsP

Ns

]

• The optimal centralized repartition of the users: x∗,C = arg maxx∗,C RC
sum(x)

• We observe that both decentralized systems are suboptimal:
x∗,C = xNE,SUD but RC

sum(x
∗,C) ≥ RSUD

sum (xNE,SUD)

RC
sum(x) ≡ RSIC

sum (x) but x∗,C ̸= xNE,SIC

We need to give incentives to the players to modify their strategy and to stabilize at a

different NE.
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The Network Sum Rate vs user fraction in Base station 1
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Hard Handover-Pricing technique

The Price Of Anarchy for the decentralized network:

POA
D

=
RC

sum(x
∗,C)

RD
sum(x

NE,D)
≥ 1

Pricing techniques allow to stabilize the game at a different NE.

The Modified game:

• The system designer: maximize the overall performance maxx R
D
sum(x)

• The new cost function of user k if it connects to BS s: c(s)k (x) = p(T
(s)
k (x)) + β(s),

T
(s)
k (x) = N

u
(s)
k

(x)
the time user k is connected to BS s for sending N bits

p(.) the price per unit of connection time ( positive, strictly increasing);
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Hard Handover-Pricing technique

• The system designer chooses βs such that xNE,M−D = x∗,D

If βs > 0 the system owner will charge more the users that connect to BS s (tax or
punishment)
If βs < 0 the system owner will charge less the users that connect to BS s (subsidies
or reward)

• For βs = −p(T (s)
k (x∗,Ds )) + p(T

(s)
k (xNE,D

s )) the new NE is the desired state
• We have that:

1 ≤ POA
M−D ≤ POA

D

and if
D ≡ SIC, POA

M−D
= 1
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Hard Handover: Network sum rate

0 10 20 30 40 50
0

5

10

15

20

25

30

K=100, N
1
=2, N

2
=1, N

3
=4

P

A
ch

ie
va

bl
e 

ra
te

s

 

 

C,S=2
SUD, S=2
SIC, S=2
M−SUD,S=2
C, S=3
SUD, S=3
SIC, S=3
M−SUD, S=3

150



Toy Examples

Soft Handover
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Soft Handover with Single user decoding

• The payoff of user k if it connects to BS s (ηs,k =
|hs,k|

2P

Ns
):

uk(α) =
S∑

s=1

log2

[
1 +

αs,kηs,k

1 +
∑

ℓ̸=k αs,ℓηs,ℓ

]

• Each user wants to selfishly maximize its own payoff knowing that the other users in the
network will act in the same way

• Existence and Uniqueness - concave games Rosen 1965

• The NE will be the solution to ∂Lk
∂αs,k

(α) = 0, ∀k with

Lk(α, {λk}k∈K) = −uk(α) + λk

(
S∑

s=1

αs,k − 1

)
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Soft Handover with Successive Interference Cancellation

• The payoff of user k if it connects to BS s:

uk(α) =
S∑

s=1

1

K

K∑
i=1


1(K−1

i−1
) ∑

J
(i−1)
k

log2

1 +
ηs,kαs,k

1 +
∑

ℓ∈J(i−1)
k

ηs,lαs,ℓ




where J

(i−1)
k = {I ⊂ K \ {k}| such that: |I| = i− 1}.

• The NE will be the solution to ∂Lk
∂αs,k

(α) = 0, ∀k with

Lk(α, {λk}k∈K) = −uk(α) + λk

(
S∑

s=1

αs,k − 1

)
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Soft Handover with Full cooperation upper bound

• The network sumrate is:

R
C
sum(α) =

S∑
s=1

log2

[
1 +

K∑
k=1

ηs,kαs,k

]

• The optimum centralized power allocation: α∗,C = arg maxα RC
sum(α)

• As previously, we observe that both decentralized systems are suboptimal
α∗,C = αNE,SUD but RC

sum(α∗,C) ≥ RSUD
sum (αNE,SUD)

RC
sum(α) ≡ RSIC

sum(α) but α∗,C ̸= αNE,SIC
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Soft Handover vs. Hard Handover: Network sum rate
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Presentation

Coalition Example: Network formation games
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Cooperative Game Theory

Games seen so far:

• Non cooperative games: the players behave selfishly. No communication between the
players. Solution Concept(s): Nash equilibrium, Stackelberg, etc.

• Non cooperative games with coordination: A limited cooperation allowed between
the players. Solution Concept: Correlated equilibrium.

What happens when the players can actually negotiate agreements between them without
any restrictions?

Cooperative Game Theory: Coalitional games!
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Coalitional Games

What are the key components of a coalitional game?

• Players: The set N = {1, ..., n}, n ≥ 2 of all the players in the game.
• Coalition: A coalition S ⊆ N is a group of players that formed an alliance. The set of

all coalitions is 2N .

Example For a coalitional game of 3 players, N = {1, 2, 3}, there are 23 = 8 possible
coalitions: {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

The grand coalition is the coalition of all users in N , i.e., in the previous example
{1, 2, 3} is the grand coalition.

The empty coalition is the coalition of no one, i.e., the empty set ∅.

In coalitional games we have no strategies, no equilibrium concept; other solutions
must be sought!.
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Coalitional Games

What are the key components of a coalitional game?

• Coalition worth or value: The value v of a coalitional game is the function v : 2N → R
with v(∅) = 0. In other words, v associates a real value to each coalition, representing
the utility of the coalition.

• Coalitional Game - Formal Definition: A coalitional game is formally defined by the
pair (N, v) where N is the players set and v the value function.

Example: Majority Vote Game

An (N, v) coalitional game with v given by

v(S) =

{
1, if |S| > |N |

2 ;

0, otherwise.

A coalition comprising the majority can elect a president and is given a value of 1.
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The Coalition Value

• Dependence on external coalition structure: The value of a coalition S inherently
depends on how the other users in N/S are structured (positively or negatively). How
to deal with this situation?

Example: Research Coalitions

Microsoft - Facebook Alliance, Competitors such as Yahoo suffer a disadvantage.

Cooperative games deal with this issue by assuming v is a characteristic function, i.e., it
does not depend on external coalition structure. Deemed suitable for a wide range of
cooperative games.

The coalitional game (N, v) is said to be in characteristic function form.

In the presence of externalities, coalitional games in partition function form. No
formal/unified solutions for these games exist yet. Under research in the game theory
communities.
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The Coalition Value

• Apportioning of the value function: The value v provides the worth of the coalition
as a whole. How should this whole be divided among the members?

• Player Payoff: The payoff of a player i ∈ S (often denoted xi), is the amount of “v(S)”
that i receives when dividing the coalition worth.

• Transferable Utility (TU): The value v can be arbitrarily divided among the coalition
members. Money. Rules for division seen later.

• Non Transferable Utility (NTU): The value v is substituted by a set of payoffs that the
players receive when cooperating sometimes, thus v(S) becomes v : 2N → RS.

Unless stated otherwise, we will deal with coalitional games in characteristic function
form with transferable utility.
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Superadditivity

Definition. A TU coalitional game (N, v) is said to be cohesive if v(N) ≥
∑k

i=1 v(Sk)

for every partition {S1, . . . , Sk} of N .

Cohesiveness implies that the grand coalition provides the largest value than any other
partition. Cohesiveness is a specific case of a more general property; superadditivity:

Definition. A TU coalitional game (N, v) is said to be superadditive if for any two
disjoint coalitions S1, S2 ⊂ N, S1 ∩ S2 = ∅, v(S1 ∪ S2) ≥ v(S1) + v(S2).

Superadditivity dictates that forming a larger coalition is always beneficial. It is argued that
such an assumption is always reasonable, since at the very least, when forming a
coalition, the players can act like they did before the coalition formation and obtain an
equal payoff.

Many references deal only with superadditive games, and assume superadditivity as part
of the definition of a TU game.

We assume superaddivity for now and get back to non-superadditive games later!
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Example of Superadditive TU Games

Treasure Hunt.

An expedition of N persons found a treasure comprising an infinite number of gold pieces
in the mountain. Each pair of persons can carry one piece of treasure. Assume all
treasure pieces are of equal value.

This game can be represented by the following utility v:

v(S) =

{
|S|
2 , if |S| is even;
|S|−1

2 , if |S| is odd.

• Characteristic Function Form: The value v does not depend on externalities.
• Transferable Utility: The value is implicitly the money that can be gained, and which

can be divided in an arbitrary manner between coalition members.
• Superadditive: Obviously, the more persons there are in a coalition, the more money

they can obtain.

163



Payoff Division

Consider a coalitional game (N, v) and a payoff division vector x = (x1, . . . , xn). The
payoff division vector x can be:

• Group Rational or Efficient: If the whole value of the grand coalition N is divided
among the members, i.e.,

∑n
i=1 xi = v(N)

• Individually Rational: If any player in the grand coalition can obtain through x a payoff
at least equal to its non-cooperative utility (acting alone), i.e., xi ≥ v({i}), ∀ i

• Imputation: An imputation is a payoff vector x that is both group rational and
individually rational.

For the Treasure Hunt Game

Assume we had 6 players in the treasure hunt. Since the game is superadditive, we
inspect the grand coalition

v({1, 2, 3, 4, 5, 6}) = 3

One imputation is the equal division x = (12,
1
2,

1
2,

1
2,

1
2,

1
2).
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The Core

We have seen alot of properties for coalitional games. What about solutions?

For a TU superadditive coalitional game (N, v), the most important solution concept is
the core. The core can be thought of as the “Nash equilibrium” of coalitional games.

Definition. An imputation x is said to be unstable through a coalition S if
v(S)>

∑
i∈S xi, i.e., the players have incentive to form coalition S and reject the

proposed x. The set C of stable imputations is called the core, i.e.,

C =

{
x :
∑
i∈N

xi = v(N) and
∑
i∈S

xi ≥ v(S) ∀ S ⊆ N

}
.

A superadditive game with a payoff allocation that lies in the core, implies a stable grand
coalition will form.
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The Core

Example Consider a 3-players coalitional game (N, v) with N = {1, 2, 3} and with the
characteristic given by

v({1}) = v({3}) = 1 v({2}) = 0

v({1, 2}) = 4 v({1, 3}) = 3 v({2, 3}) = 5

v({1, 2, 3}) = 8 .

The imputations are the points (x1, x2, x3) satisfying:

1. Group Rationality
x1 + x2 + x3 = 8.

2. Individually Rationality

x1 ≥ 1, , x2 ≥ 0, x3 ≥ 1.

This set is the triangle with vertices (7, 0, 1), (1, 6, 1) and (1, 0, 7).

What about the core? What imputations are stable?
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The Core
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Application of TU Coalitional Games: Receiver
Cooperation

S. Mathur, L. Sankaranarayanan, and N. Mandayam, “Coalitional games in receiver
cooperation for spectrum sharing,” in Proc. Conf. on Information Sciences and Systems,
New Jersey, NY, USA, Mar. 2006, pp. 949954.

Receiver cooperation in a Gaussian interference channel with no cost ( cooperation
through spectrum server ). Value function is the sum-rate achievable when receivers
cooperate:

v(S) = I(XS;YS) =
∑
i∈S

Ri

Property. Payoff is transferrable as the sum-rate can be divided arbitrarily among the
users.
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Application of TU Coalitional Games: Receiver
Cooperation

Theorem. The receiver cooperation with no cost coalitional game is superadditive.

Proof. Consider S1 and S2, two coalitions such that S1 ∩ S2 = ∅. To prove superadditivity
we need to prove that:

v(S1 ∪ S2) ≥ v(S1) + v(S2)

I(XS1∪S2, YS1∪S2) ≥ I(XS1
;YS1

) + I(XS2
;YS2
|XS1

)

Or we have

I(XS1∪S2, YS1∪S2) = I(XS1
;YS1

)+I(XS1
;YS2
|YS1

)+I(XS2
;YS2
|XS1

)+I(XS2
;YS1
|YS2

, XS1
)

Mutual information is non-negative, thus all we need to show is that
I(XS2

;YS2
|XS1

) ≥ I(XS2
;YS2

), or

I(XS2
;YS2
|XS1

) = H(XS2
)−H(XS2

|YS2
, XS1

)

Conditioning reduces entropy (Cover et Al.), thus I(XS2
;YS2
|XS1

) ≥ I(XS2
;YS2

) and
the game is superadditive.
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Application of TU Coalitional Games: Receiver
Cooperation

Theorem. As a result of superadditivity, the grand coalition N maximizes spectrum
utilization in the interference channel coalitional game.

Theorem. The interference channel coalitional game with receiver cooperation and
transferable utility has a non-empty core.

Theorem. Any point on the sum-rate maximizing face of the SIMO-MAC capacity region
CS lies in the core (points on the dominant face D(CS) of the capacity region).
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Payoff Division: Traditional Methods

Equal Fair

• The value function is divided equally among the coalition members.
• Does not guarantee individual rationality

xi =
v(S)

|S|
, ∀i ∈ S

Egalitarian Fair

• The extra benefits from forming the coalition are divided equally.
• Guarantees individual rationality.

xi =
1

|S|

v(S)−
∑
j∈S

v({j})

+ v({i}),
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Payoff Division: Traditional Methods

Proportional Fair

• The extra benefits from forming the coalition are divided depending on the non-
cooperative utility of the members.

• Guarantees individual rationality.

ϕi = wi

v(S)−
∑
j∈S

v({j})

+ v({i}), with
∑
i∈S

wi = 1,
wi

wj

=
v({i})
v({j})

Example: The Bankruptcy Game.

A small company goes bankrupt owing money to three creditors. The company owes
creditor A 10, 000$ , creditor B 12, 000$ , and creditor C 30, 000$. The company has only
50, 000$ to cover these debts. Use coalitional games to find the different possible
allocations for this game.
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The Shapley Value

L. S. Shapley, “A Value for n-Person Games,” in Contributions to the theory of Games II
(Annals of Mathematics Studies), 1953, pp. 307-317.

The solution concept of a value:

A value function ϕ(v) that assigns to each possible characteristic function of a coalitional
game (N, v) a vector of real numbers ϕ(v) = (ϕ1(v), . . . , ϕn(v)) where each entry i

measures the “power” of player i in the game.

Shapley placed several fairness axioms on the value function ϕ:

1. Efficiency Axiom:
∑

i∈N ϕi(v) = v(N).
2. Symmetry Axiom: If user i and user j are s. t. v(S ∪ {i}) = v(S ∪ {j}) for every

coalition S not containing user i and user j, then ϕi(v) = ϕj(v).
3. Dummy Axiom: If user i is s. t. v(S) = v(S ∪{i}) for every coalition S not containing

i, then ϕi(v) = 0.
4. Additivity Axiom: If u and v are characteristic functions, then ϕ(u + v) = ϕ(v + u) =

ϕ(u) + ϕ(v).
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The Shapley Value

Theorem. There exists a unique function ϕ satisfying the Shapley axioms.

Theorem. The Shapley value is given by

ϕi(v) =
∑

S⊆N−{i}

(|S|)!(|N | − |S|)!
(|N |+ 1)!

[v(S ∪ {i})− v(S)] .

The Shapley value provides a fair division which takes into account the random-ordered
joining of the users in the coalition.

In other words, the Shapley value ϕ(v) is just the average amount player i contributes to
the grand coalition if the players sequentially form this coalition in a random order.
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Non-Superadditive games

What happens if the game is non-superadditive?

• The grand coalition is no longer the coalition with the largest value.
• Many solution concepts that we will see later are no longer applicable
• No formal treatment of non-superadditive games in the game theory literature.

The grand coalition is no longer the utility maximizing coalition, another coalition structure
will form!

The core, the Shapley value, etc may no longer be applicable !

The question becomes: which coalitions should form? A new branch of cooperative
games: Coalition Formation.

Currently, under research in the game theory community!
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Coalition Structure

R. Aumann and J. Drèze,“Cooperative games with coalition structures,” International
Journal of Game Theory, vol. 3, pp. 317 237, Dec. 1974.

Question: What happens to the different solution concepts if a coalition structure is in
place due?

Answer: The Shapley value can be applied to the restricted game whereas the core will
not be applicable.

Question: Why do we have a coalition structure rather than a grand coalition?

Answer: For example, due to a non-superadditive game or other constraints.

Question: How does this coalition structure forms?

Answer: Unfortunately, the paper does not answer this question.

176



Coalition Formation for Transmitter Cooperation

W. Saad, Z. Han, M. Debbah and A. Hjørungnes, “A Distributed Merge and Split Algorithm
for Fair Cooperation in Wireless Networks,” IEEE ICC COOPNET Workshop, May 2008.

W. Saad, Z. Han, M. Debbah and A. Hjørungnes, “A Distributed Coalition Formation
Framework for Fair User Cooperation in Wireless Networks,”submitted to IEEE
Transactions on Wireless Communications, March 2008.
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Transmitter Cooperation with cost

TDMA network V No interference V Characteristic function form!

(N, v) transmitter cooperation coalitional game with cost.

v(S) =

{
|S| · CS, if PS > 0;

0, otherwise.

with PS = (P̃ − P̂S)
+, P̂S being a power cost encompassing the exchange of data

between all users and CS =
∑K

i=1(log (µλi))
+ is the water-filling solution for the single

user MIMO for block fading channels (Telatar, 1999).

- Non-superadditive.

- Empty core.

- Disjoint independent coalitions will form.
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Coalition Formation

Coalition formation is NP-Hard (Bell number).

Many algorithms exist. A recent algorithm that proved useful in mobile flexible network
and for the transmitter cooperation game:

K. Apt and T. Radzik, “Stable partitions in coalitional games,” arXiv:cs/0605132v1 [cs.GT],
May 2006.

Question: How does the coalition structure form?

Answer: By means of merge and split rules.
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Transmitter Cooperation with cost

• Merge Rule: Merge any set of coalitions {S1, . . . , Sk} where
∑k

j=1 v(Sj) <

v(
∪k

j=1 Sj); thus {S1, . . . , Sk} →
∪k

j=1 Sj.

• Split Rule: Split any set of coalitions
∪k

j=1 Sj where
∑k

j=1 v(Sj) > v(
∪k

j=1 Sj); thus∪k
j=1 Sj → {S1, . . . , Sk}.

Property. Any arbitrary iteration of merge and split rules terminates, yielding a final
network partition P .

Property. The partition P resulting from merge and split is the unique optimal partition
(maximizing social well fare) under two conditions.

• Each coalition in the final structure P is internally strictly superadditive.
• No coalitions formed of players belonging to disjoint coalitions in P have an incentive to

deviate.
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Transmitter Cooperation with cost
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Coalition formation vs. Network Formation Games

Another branch of game theory that studies formation of networks: Network Formation
Games

Properties and differences with coalition formation:

• Network formation games are concerned with forming graphs and not just coalitions.
• Directed vs Undirected graphs.
• No formal rules for network formation, each case has its own solution.
• Suitable for routing problems.

Connection between coalitions and network formation games drawn by Myerson:

R. Myerson, “Graphs and cooperation in games,” Mathematics of Operations Research, 2,
225-229, 1977.
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Non Transferable Utility games

• The value function cannot be divided among the members.
• The value function v can be thought of as a function that associates with each coalition

S a payoff vector x rather than a real number.
• Superadditivity and all other properties are applicable.
• The Shapley value and the Core have expressions adapted to NTU games.

Example. Receiver cooperation for forming multi user detectors (Mathur et al., 2006), the
payoff of a user in a coalition S is given by its SINR

xi(S) = SINRi(S)

When the receivers cooperate, each user’s SINR increases, so the game is superadditive
and the grand coalition forms, but it is NTU since the SINR cannot be arbitrarily
apportioned between the coalition members!
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Presentation

Wardrop Example: Asymptotic CDMA Games
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Multi-user Model: General fading model

The N × 1 received signal vector y at the base station has the form:

y = H1w1

√
P 1s1 + H2w2

√
P 2s2 + ... + HKwK

√
P ksK + n

• s = (s1, . . . , sK) is the emitted symbol vector.
• wk is the N × 1 k-th user code.
• Hk is the N ×N channel matrix of user k.
• N is the spreading length.
•
√
P k is the amplitude of user k.

• n is a N × 1 white complex gaussian noise vector of variance σ2.
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Multi-user flat fading model

D. N Tse and S. Hanly, ”Linear Multiuser Receivers: Effective Interference, Effective
Bandwidth and User Capacity”, IEEE Transactions on Information Theory, Vol.45, No. 2,
Mar. 1999

S. Verdu and S. Shamai, ”The Impact of Frequency-Flat Fading on the Spectral Efficiency
of CDMA”, IEEE Transactions on Information Theory, Vol. 45, No. 2, Mar. 1999

The N × 1 received signal vector y at the base station has the form:

y = h1w1

√
P 1s1 + h2w2

√
P 2s2 + ... + hKwK

√
PKsK + n

= WHP
1
2s + n

• s = (s1, . . . , sK) is the emitted symbol vector.
• wk is the N × 1 k-th user code.
• H = diag[h1, ..., hK] an K ×K matrix with hk flat fading of user k.
• P = diag[P1, ..., PK] an K ×K matrix with Pk power of user k.
• N is the spreading length.
• n is a N × 1 white complex gaussian noise vector of variance σ2.
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Multi-user

SINR of user k:
SINR

k
(K,N) = Pk | hk |2 π

k
(K,N)

where

π
k
(K,N) = w

H
k

 K∑
i=1,i ̸=k

Pi | hi |2 wiw
H
i + σ

2
I

−1 wk.
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Cauchy-Stieltjes Transform

N. I. Akhiezer, ”the classical moment problem”, Oliveir & Boyd, 1965.

The Cauchy-Stieltjes transform Gν(z) associated to the probability measure ν is

Gν(z) =

∫
1

t− z
ν(dt)

Analytic in the half complex plan Im(z) > 0.

A one to one mapping between ν and Gν(z).∫ b

a

dν =
1

π
lim
y→0+

∫ b

a

ImGν(x + iy)

with a, b two continuity point of ν.
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Cauchy-Stieltjes Transform

Some intuitions. Let ν be compactly supported. Then Gν(z) is analytic in a
neighborhood of∞. Since (z − t)−1 =

∑∞
k=0 t

kz−k−1, then Gν(z) has the following
expansion at z =∞:

−Gν(z) = z
−1

+
∞∑
k=1

mk(ν)z
−k−1

.

where mk(ν) =
∫
tkdν(t)(k ∈ Z+)
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Cauchy-Stieltjes Transform

Useful Trick. Interestingly, if we allow the module of z to grow without bound, Gν(z) goes
to zero.

This is a very useful property that will be used often in order to choose between the
solutions when obtaining Gν(z) from a polynomial equation.
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Cauchy-Stieltjes Transform and Matrices

Definition. The resolvent matrix of a hermitian matrix WN is defined as:

Rw(z) = (WN − zI)
−1

and therefore:

∫
dFN(x)

x− z
=

1

N

N∑
i=1

1

λi − z
=

1

N
Trace(Rw(z))

since dFN(x) = 1
N

∑N
i=1 δ(x− λi).

Interestingly, finding the Stieltjes transform can be related to a problem of computation of
the trace of the inverse of a matrix.
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Distribution and matrices

Let

WN = UN

 λ1(WN)
. . .

λN(WN)

U
H
N

be a spectral decomposition of the hermitian matrix WN of size N .

Continuous bounded function of the matrix WN :

f (WN) = UN

 f (λ1(WN))
. . .

f (λN(WN))

U
H
N

In particular,
1

N
trace (f (WN)) =

1

N

N∑
k=1

f (λk(WN))
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Eigenvalues and distribution

Suppose that the size N of WN tends to infinity.
The probability measure ν is the almost sure limiting eigenvalue distribution of the
eigenvalues of WN if for every bounded continuous function f(x),

lim
N→∞

1

N
trace (f (WN)) = lim

N→∞

1

N

N∑
k=1

f (λk(WN)) =

∫
f(t)ν(dt) a.s.

193



Sum of Random Matrices

J. W. Silverstein and Z.D Bai. ”On the empirical distribution of eigenvalues of a class of
large dimensional random matrices”. Journal of Multivariate Analysis, 54: 175-192, 1995

Theorem. Let the entries of the N ×K matrix W be independent identically distributed
with zero mean and variance 1

N . Let X be an N ×N Hermitian random matrix with an
empirical eigenvalue distribution function converging weakly to PX(x) almost surely.
Moreover, let Y be a K ×K real diagonal random matrix with an empirical distribution
function converging almost surely in distribution to a probability distribution function PY(x)

as K →∞. Then almost surely, the empirical eigenvalue distribution of the random
matrix:

H = X + WYW
H

converges weakly, as K,N →∞ but K
N → α fixed, to the unique nonrandom distribution

function whose Stieltjes transform satisfies:

GH(z) = GX

(
z − α

∫
ydPY(y)

1 + yGH(z)

)
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MMSE receiver for Uplink flat fading CDMA

Using Asymptotic random matrix theory, the SINR for user k of user k can be shown to be
equal to:

SINR
k
=| hk |2 Pkπk

where β is solution of:

πk =
1

σ2 + 1
N

∑K
i=1,i ̸=k

|hi|2Pi
1+|hi|2Piπk

For high number of users (K →∞, N →∞ but K
N = α), one can show that:

πk = π =
1

σ2 + 1
N

∑K
i=1

|hi|2Pi
1+|hi|2Piπ
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Optimal filter

Optimal Filter: The total spectral efficiency of the system is given by:

γ =
1

N
log det

(
I +

1

σ2
WHPH

H
W

H

)

and

dγ

d 1
σ2

= σ
2 −

σ2

N
Trace

(
I +

1

σ2
WHPH

H
W

H

)

= σ
2 −

σ4

N
Trace

(
σ

2
I + WHPH

H
W

H
)

→ σ
2 − σ

4
π
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Matched filter

SINR of user k:

SINR
k
(K,N) =

Pk | hk |2 wH
k wk

wH
k (UHPHHUH + σ2I)wk

In the case of i.i.d codes,

w
H
k wk → 1

w
H
k

(
UHPH

H
U

H
+ σ

2
I
)
wk →

1

N
Trace

(
UHPH

H
U

H
+ σ

2
I
)

→ αEh,P (P | h |2) + σ
2

SINR of user k:

SINR
k
(K,N)→

Pk | hk |2

αEh,P (P | h |2) + σ2
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Matched filter design in uplink flat fading CDMA

We consider a high number of users and K
N = α.

Pk =
β⋆
(
σ2 + 1

N

∑K
j=1 Pj | hj |2

)
| hk |2

.

Summing over k = 1...K, we obtain a closed form expression for the minimum power
with which user k transmits when using the matched filter

Pk =
1

| hk |2
σ2β⋆

1− αβ⋆
for α <

1

β⋆
.
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MMSE design in uplink flat fading CDMA

Pk =
β⋆
(
σ2 + 1

1+β⋆
1
N

∑K
j=1 Pj | hj |2

)
| hk |2

. (4)

Summing over k = 1, ..., K, we obtain a closed form expression for the minimum power
with which user k transmits when using the MMSE filter

Pk =
1

| hk |2
σ2β⋆

1− α β⋆

1+β⋆

for α < 1 +
1

β⋆
. (5)
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Uplink CDMA: Frequency Selective fading model

The N × 1 received signal vector y at the base station has the form:

y = H1w1

√
P 1s1 + H2w2

√
P 2s2 + ... + HKwK

√
P ksK + n

Toeplitz structure
Hi ∼ F

H
DiF

wi are supposed to be i.i.d zero mean Gaussian codes with variance 1
N

Equivalent model:

ỹ = D1w̃1

√
P 1s1 + D2w̃2

√
P 2s2 + ... + D̃Kw̃K

√
P ksK + ñ

=
(
C⊙ W̃

)
P

1
2s + ñ
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Uplink CDMA: Frequency Selective fading model

Optimal filter: Let h(f, x) (0 ≤ τ ≤ 1) and P (x) (0 ≤ x ≤ α with α = K
N ) be

respectively the channel frequency power profile and the attenuations of user [Nx].

The total spectral efficiency is given by:

dγ

d 1
σ2

= σ
2 −

σ4

N
Trace

(
σ

2
I + (C⊙ W̃)P(C⊙ W̃)

H
)

201



Girko’s law

Vjaceslav L. Girko, ”Theory of random determinants”, Kluwer Academic Publishers,
Dordrecht, The Netherlands, 1990.

Theorem. Let the N ×K random matrix W be composed of independent entries wij

with zero mean and variances
σij
N such as all σij are uniformly bounded from above.

Assume that the empirical joint distribution of variances σ: [0, 1]× [0, α]→ R defined by
σ(x, y) = σij for x, y satisfying:

i

N
≤ x ≤

i + 1

N

and
j

N
≤ y ≤

j + 1

N

converges to a bounded joint limit distribution σ(x, y) as K = αN →∞. Then, almost
surely, the empirical eigenvalue distribution of H = WWH converges weakly to a limiting
distribution whose Stieltjes transform is given by:

GH(z) =

∫ 1

0

u(x, z)dx
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and u(x, z) satisfies the fixed point equation:

u(x, z) =

[
−z +

∫ α

0

σ(x, y)dy

1 +
∫ 1

0
u(x′, z)σ(x′, y)dx′

]−1
(6)

The solution to equation (6) exists and is unique in the class of functions u(x, z) ≥ 0,
analytic for Im(z) > 0 and continuous on x ∈ [0, 1].

Girko’s proof is still not well understood.
”His proofs have puzzled many who have attempted to understand the arguments”, Bai

Recent attempts to prove the result and extend it from independence to 2D-stationnarity:

W. Hachem, P. Loubaton and J. Najim, ”The empirical eigenvalue distribution of a Gram

Matrix: From independence to stationarity”, submitted to Markov Fields and Related

Processes, April 2005.
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Uplink CDMA: Frequency Selective fading model

Vjaceslav L. Girko, ”Theory of random determinants”, Kluwer Academic Publishers,
Dordrecht, The Netherlands, 1990.

Optimal filter:

lim
N→∞

1

N
Trace

(
σ

2
I + (C⊙ W̃)P(C⊙ W̃)

H
)

=

∫ 1

0

v(f)df

with

v(f) =

[
σ

2
+

∫ α

0

P (x) | h(f, x) |2 dx

1 + P (x)
∫ 1

0
v(u) | h(u, x) |2 du

]−1

In the case where P (x) = 1,

v(f) =

[
σ

2
+

∫ α

0

| h(f, x) |2 dx

1 +
∫ 1

0
v(u) | h(u, x) |2 du

]−1
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Uplink CDMA: Frequency Selective fading model

A. Tulino, L. Li and S. Verdu, ”Spectral Efficiency of Multicarrier CDMA”, IEEE
Transactions on Information Theory, vol. 51, No. 2, February 2005

MMSE receiver: The SINR at the output of the MMSE receiver is given by:

SINR
k
= β(k/N)

where

β(x) = P (x)

∫ 1

0

| h(f, x) |2 df

σ2 +
∫ α

0
|h(f,u)|2P (u)du

1+β(u)
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Uplink CDMA: Frequency Selective fading model

In the case where P (x) = 1,

β(x) =

∫ 1

0

| h(f, x) |2 df

σ2 +
∫ α

0
|h(f,u)|2du

1+β(u)
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Uplink CDMA: Frequency Selective fading model

MMSE receiver: For the high number of users finite case, let hk(i) be the frequency
response of user k on frequency i, then the SINR βk at the output of the MMSE receiver
is given by:

β
k
=

Pk

N

N∑
n=1

| hnk |2

σ2 + 1
N

∑K
j=1,j ̸=k

Pj|hnj|2

1+βl

In the Nash equilibrium and for high number of users:

β
∗
=

Pk

N

N∑
n=1

| hnk |2

σ2 + 1
N

∑K
j=1

Pj|hnj|2

1+β∗
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Uplink CDMA: Frequency Selective fading model

Pk =
β⋆

1
N

∑N
n=1

|hkn|2

σ2+ 1
1+β⋆

1
N

∑K
j=1 Pj|hnj|2

.

Asymptotically, one can show that 1
N

∑K
j=1 Pj | hnj |2→ X

Therefore:

Pk =
β⋆(σ2 + X

1+β⋆)

Ek

.

with Ek = 1
N

∑N
n=1 | hkn |2
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Uplink CDMA: Frequency Selective fading model

X is solution of:

X = =
αβ∗σ2 1

K

∑K
j=1

|hnj|
2

Ej

1− αβ∗
1+β∗

1
K

∑K
j=1

|hnj|2

Ej

→
αβ∗σ2

1− αβ∗
1+β∗
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Presentation

Correlated Example: Access Control Games
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ALOHA

Introduced in 1970 by Abramson.

Mobile terminals share a common channel.

Every mobile transmits its packets at a random point in time and waits for an
acknowledgment.

If no acknowledgment is received, it assumes a collision occured and retransmits after a
random waiting time.

Under some assumptions, Abramson derived the maximum utilization of this channel as
1
2 exp(−1) ≃ 0.184.

When time is slotted, Roberts (1972) showed an improvement in the maximum utilization
of the channel to exp(−1) ≃ 0.368.

Is there a way of improving the performance?
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In a Game Theoretical setting

Slotted ALOHA: All mobiles are supposed to be synchronized.

Collision: If more than one mobile attempts to send a packet at time slot t then all
transmitted packets are lost.

Strategy: Active mobiles emit with probability q, called their strategy.

Cooperative approach: Mobiles select their strategy in order to maximize the global
throughput.

Non-cooperative approach: Mobiles select their strategy selfishly in order to maximize
their utility.

The goal: study the impact of adding coordination mechanisms.
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Correlated Games

The notion of correlated equilibrium was introduced in 1974 by R. Aumann (Prof. R.
Aumann has received in 2005 the Nobel prize in economy for his contributions to game
theory, together with Thomas Schelling.)

Correlated equilibria are generalizations of the Nash equilibrium concept.

They are characterized by the notion of arbitrator.

An arbitrator can send private or public signals to the players.

These signals allow players to coordinate their actions, and, in particular, to perform joint
randomization over strategies.

In many contexts, an arbitrator is thought of as an intelligent entity, used for helping to

solve conflicts and for proposing compromises to the different sides involved.
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Correlated Games

An arbitrator needs not have any knowledge of the system or intelligence.

It is assumed to generate signals that do not depend on the system (or on individual)
states. Moreover, it does not need to have any knowledge on the system.

All the arbitrator has to do is send random signals to the players each time they play.

In the context of non-cooperative games, each player has the possibility not to consider
the signal(s) it receives.

A multi-strategy obtained using the signals is a set of strategies (one strategy for each
player which may depend on all the information available to the player including the signal
it receives).

It is said to be a correlated equilibrium (a precise definition will be given later) if no player
has an incentive to deviate unilaterally from its part of the multi-strategy.

A special type of “deviation” in this definition can be of course to ignore the signals.
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The Model

Finite population of m mobile terminals.

Each mobile has a unique identification number between 1 and m.

LetN = {0, 1}m represent the set of all 2m subsets of {1, ...,m}.

At each time slot, a random subset of mobiles Z(t) ∈ N is active.

• Each active mobile has always a packet to send.
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Notations

Strategy: Let qi denote the probability that mobile i transmits a packet when active.

Probability of being active: Let ζ(z), z ∈ N be the probability that the subset z of mobiles

is active at a slot.
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Cooperative Scenario

The probability of a successful transmission or system throughput at a time slot is

Θall(q1, ..., qm) = EZ

∑
i∈Z

qi
∏

j∈Z\{i}

(1− qj)


=

∑
z∈N

ζ(z)
∑
i∈z

qi
∏

j∈z\{i}

(1− qj).

Mobiles adjust their strategies in order to maximize the system throughput.

Computing the maximum system throughput over (q1, ..., qm) ∈ [0, 1]m is a constrained
optimization problem.

Power constraints: qi ≤ qmaxi
for some constant qmaxi

, for all users i.
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Non-cooperative scenario

The throughput of mobile i conditioned on being active, which we define as its utility, is
given by

Θ
act
i (q1, ..., qm) = EZ [(] qi

∏
j∈Z\{i}

(1− qj) | i ∈ Z)

= qi
∑

z∈N ,i∈z

ζ(z)
∏

j∈z\{i}

(1− qj).

Each mobile wants to maximize selfishly its utility.

Remember a Nash equilibrium is a set of strategies such that no mobile can improve its
utility by deviating unilaterally from its strategy.

All mobiles transmit with qi = 1.

In the case of power limitations, all mobiles transmit with qi = qmaxi
.
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Possible improvements

In a centralized way: if the base station had full information, it could schedule
transmission.

Can we improve transmission in a decentralized way?

The base station can be used as an arbitrator.
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Coordination

Proposed coordination mechanism:

• At each time slot t, the base station can broadcast a signal to all mobiles in the form of
a random variable X(t).

• X(t) uniformly distributed over the integers {0, . . . , K − 1} for some integer K ≥ 2.
• m is a multiple of K.
• The process X(t) is assumed to be independent of Z(t).

With the common signal, a mobile has additional information.
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Transmission Strategy

Correlated strategy:

• We partition the set of all mobiles into K subgroups Sj, j = 1...K.
• Sj contains a mobile i if and only if i = j − 1 (mod K) (denoted i ≡ j − 1).
• A correlated strategy of a mobile is described using two real numbers in the unit interval:

(pi, qi).
• At slot t, an active mobile i transmits a packet with probability pi if and only if i ∈ SX(t).

Otherwise it transmits with probability qi.

In the non-cooperative setting, a mobile has always the possibility of ignoring the signals
X(t) by using pi = qi.

New expressions for the system and individual throughputs can be derived.
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Notations

Set of strategies:

U = {(p, q)/∀i ∈ {1, ...m}, pi ∈ [0, 1], qi ∈ [0, 1]}

Power constraints: Mobile i has the power constraint

Pow(pi, qi) =
pi

K
+

(K − 1)qi

K
≤ qmaxi

where max
i
≤ 1.

Set of acceptable strategies: Let U cons
i denote the class of strategies of mobile i satisfying

the power constraint

Ucons
= {u ∈ U/∀i ∈ {1...m}, ui ∈ U

cons
i }
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Cooperative scenario

The system throughput is:

Θall(u) =
∑
z∈N

ζ(z)
∑
i∈z

pi

K

∏
j∈z\{i},j≡i

(1− pj)
∏

j∈z\{i},j ̸≡i

(1− qj)

+
qi

K

K∑
k=1,k ̸≡i

∏
j∈z\{i},j≡k

(1− pj)
∏

j∈z\{i},j ̸≡k

(1− qj)



Definition. A multi-strategy u∗ ∈ Ucons is said to be correlated optimal if for all feasible
multi-strategies u ∈ Ucons,

Θall(u
∗
) ≥ Θall(u).

223



Non-cooperative scenario

The utility of mobile i is:

Θ
act
i (u) =

pi

K

∑
z∈N ,i∈z

ζ(z)
∏

j∈z\{i},j≡i

(1− pj)
∏

j∈z\{i},j ̸≡i

(1− qj)

+
qi

K

∑
z∈N i∈z

ζ(z)

K∑
k=1,k ̸≡i

∏
j∈z\{i},j≡k

(1− pj)
∏

j∈z\{i},j ̸≡k

(1− qj) .

Let (p, q)−i be the set of m− 1 strategies of all mobiles except for mobile i, and set(
(p, q)−i, (p′i, q

′
i)i
)

to be the policy where all mobiles other than the ith one use the

policies described by (p, q)−i whereas the ith mobile uses policy (p′, q′).
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Non-cooperative scenario

Definition. A multi-strategy u ∈ Ucons is said to be a correlated equilibrium if for all i
and (p′, q′) ∈ U cons

i

Θ
act
i (u) ≥ Θ

act
i

(
u
−i
, (p
′
, q
′
)i
)
.

How is the power split between pi and qi for each mobile in order to maximize Θact
i ?
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Symmetric Case

Solving the constrained optimization problems as well as finding Nash or correlated
equilibria, becomes rapidly intractable in the general case when the number of mobiles m

(and hence the number of variables in the multivariate polynomials involved) increases.

To simplify the analysis, we will consider a symmetric case (toy example) when the
coefficients ζ(z) depend only on | z |, and the power constraints qmaxi

= qmax are the
same for all users.

Simple model when mobiles have the same power constraints and are independently
active with a probability π.

The coefficients ζ(z) are symmetric i.e., depend only on | z |.

In the cooperative case, solving the constrained optimization shows that the strategy
allocation will not be symmetric.

In the non-cooperative case, we can restrict to the same strategy (p, q) being used by all
users.

We obtain an explicit characterization of the correlated equilibria.
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Non-cooperative, symmetric case

In this case, the coefficients become symmetric, since for all z such that | z |= n, ζ(z)
are equal:

ζ(z) = π
|z|
(1− π)

m−|z|

In the non-cooperative case, we can restrict to the same strategy (p, q) being used by all
users, and investigate if a single user deviating from this strategy benefits by using a
different strategy (p̂, q̂).

Recall that πn =
∑
|z|=n ζ(z).
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Non-cooperative, symmetric case

Let

ℓ =
m

K
, λ = m−

m

K
.

After some manipulations, we get:

Θ
act

(u) =
p̂

K

m∑
n=1

1(m
n

)πn

×
min(ℓ−1,n−1)∑

k=max(0,n−1−λ)

(ℓ− 1

k

)( λ

n− 1− k

)
(1− p)

k
(1− q)

n−1−k

+
(K − 1)q̂

K

m∑
n=1

1(m
n

)πn

×
min(ℓ,n−1)∑

k=max(0,n−λ)

(ℓ
k

)( λ− 1

n− 1− k

)
(1− p)

k
(1− q)

n−1−k
.
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Non-cooperative, symmetric case

The power constraints give us

p̂ = Kq
max − (K − 1)q̂.

Replacing p̂ by this expression, we obtain Θact(u) as an affine function in q̂. Hence, the
optimal q̂ will be either

max(0,
Kqmax − 1

K − 1
) or min(1,

Kqmax

K − 1
)

depending on the sign of the coefficient

m∑
n=1

1(m
n

)πn

min(ℓ,n−1)∑
k=max(0,n−λ)

(ℓ
k

)( λ− 1

n− 1− k

)
(1− p)

k
(1− q)

n−1−k

−
m∑

n=1

1(m
n

)πn

min(ℓ−1,n−1)∑
k=max(0,n−1−λ)

(ℓ− 1

k

)( λ

n− 1− k

)
(1− p)

k
(1− q)

n−1−k
.
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Non-cooperative, symmetric case

This gives us a simple formula to investigate whether or not a given value of (p, q) that
saturates the power constraint is a correlated equilibrium:

replace (p, q) by their values and estimate the sign of the expression. If the chosen q

satisfies

q = max(0,
Kqmax − 1

K − 1
)

and the sign of the previous expression is negative or if the chosen q satisfies

q = min(1,
Kqmax

K − 1
)

and the sign is positive, then (p, q) is indeed a correlated equilibrium.
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Non-cooperative, symmetric case

The optimal q will be either

max(0,
Kqmax − 1

K − 1
) or min(1,

Kqmax

K − 1
)

depending on the sign of

m∑
n=ℓ+1

1(m
n

)πn

( λ− 1

n− 1− ℓ

)
(1− p)

ℓ
(1− q)

n−1−ℓ

−
m∑

n=λ+1

1(m
n

)πn

( ℓ− 1

n− 1− λ

)
(1− p)

n−1−λ
(1− q)

λ
.

p is obtained by saturating the power constraint:

p = Kqmax − (K − 1)q.
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Numerical results

Coordination: common signal.

Cooperative scenario: optimal system throughput.

Non-cooperative scenario: Nash equilibrium if no coordination, correlated equilibrium if
coordination.

We consider the symmetric case.
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System throughput versus the probability of being active

Without coordination, no power constraints, for 6 users
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Nash Equilibrium

The optimal throughput is neither reached by saturating the constraints nor by a
symmetric attribution of the channel.
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System throughput versus the probability of being active

With coordination, no power constraints, for 6 users
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If mobiles are restricted to using the same strategy, the optimal throughput can be
increased.
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System throughput versus the probability of being active

Power constraint qmax = 0.25, for 6 users
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The coordination mechanism allows to obtain higher values in the non-cooperative case.
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Presentation

Stackelberg Example: Water-filling Games
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Context

L. Lai and H. El Gamal, The Water-filling Game in Fading Multiple Access Channels,
submitted to the IEEE Transactions on Information Theory, Nov. 2005.

Here, the base station is introduced as a player in maximizing a weighted sum of
individual rates.

A Stackelberg formulation is introduced in which the base-station is the designated game
leader.

The base station announces first its strategy defined as the decoding order of the different
users.

In the second stage, users compete conditioned on the particular decoding strategy.

The goal here is to have a distributed allocation strategy that approaches optimal
performance.

Users are supposed to be selfish without the aim of maximizing the overall performance.
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Static Nash Formulation

Every player treats the signals of the other users as Gaussian noise.

The static nature of the game implies that the game is played only once.

The optimal power allocation strategy of every player is given by the water-filling game.

Results. The Nash equilibrium of this water-filling game is the sum-rate optimal point on
the boundary of the capacity region. Hence, the information theoretic sum-rate point is fair.

However, not all the corner points of the capacity region can be achieved. By introducing
the base station as a player, this possible

The base station uses the decoding order as a punishment tool forcing the multiple
access users to adopt the optimal power control policies.
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Static Nash Formulation

CSI is known everywhere.

The game considered here is the game with perfect and complete information.

Two user case, rate region:

R1 ≤
1

2
log2(1 +

h1P1

σ2
)

R2 ≤
1

2
log2(1 +

h2P2

σ2
)

R1 + R2 ≤
1

2
log2(1 +

h1P1 + h2P2

σ2
)
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Static Nash Formulation

Let us denote by P1(h1, h2) and P2(h1, h2) the strategies of the two users.

The payoff function is defined as the average achievable rate.

For a fixed strategy P2(h1, h2), finding the optimal strategy P1(h1, h2) for user 1 requires
solving the following optimization problem

C1 = max
P1(h1,h2)

Eh1,h2

[
1

2
log2

(
1 +

P1(h1, h2) | h1 |2

σ2 + P2(h1, h2) | h2 |2

)]
Eh1,h2

[P1(h1, h2)] ≤ P̄1

P1(h1, h2) ≥ 0

and similarly for the second user.
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Static Nash Formulation

The solution of the optimization problem is the waterfilling power allocation:

P1(h1, h2) =

(
λ1 −

σ2 + P2(h1, h2) | h2 |2

| h1 |2

)+

where (x)+ = max{x, 0} and λ1 is chosen in order to satisfy the constraint

Eh1,h2

(λ1 −
σ2 + P2(h1, h2) | h2 |2

| h1 |2

)+
 = P̄1. (7)

Note that the solution depends on the power allocation of the second user, which the first
user does not know.
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Static Nash Formulation

Exercise: Show that the equilibrium is unique and time-sharing (i.e., for a given
realization of the fading, the optimal P1(h1, h2) and P2(h1, h2) can not be simultaneously
strictly positive).
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Static Nash Formulation

The solution corresponds to the maximum Sum-Rate point of the capacity region i.e

P1(h1, h2) =

(
λ1 −

σ2

| h1 |2

)+

, when | h1 |2≥
λ2

λ1

| h2 |2 (8)

P2(h1, h2) =

(
λ2 −

σ2

| h2 |2

)+

, when | h2 |2≥
λ1

λ2

| h1 |2 . (9)

Thus, an interesting conclusion is that the result of the selfish behavior of the users will
result in the joint optimization of the global capacity of the channel.
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Stackelberg Formulation

The base station is introduced as an additional player.

The base station does not dictate the power level and rate of the individual users.

The Stackelberg Formulation corresponds to a game where the leader announced its
strategy first and then the remaining players react according to a specific equilibrium
concept.

The base station is the game leader and will announce its decoding strategy. It will
therefore rely on the rational and selfish nature of the multiple access players to influence
their behavior.
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Stackelberg Formulation

Exercise: Formulate the problem and show if there is any equilibrium.

Exercise: Show that if the base station adopts a simple region partition strategy
(h1 > αh2) then user 2 is decoded first for example), then there always exists a
Stackelberg equilibrium solution if the channel gains are bounded and satisfy
min(h1) > 0 and min(h2) > 0
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Stackelberg Formulation

The base station divides the whole possible space of (h1, h2) into two subsets D1, D
c
1.

When (h1, h2) ∈ D1, the base station will decode user 1 information. Otherwise, it is the
contrary.

After the base station announces its strategy, D1 for example, the multiple access users

play the game using using the Nash equilibrium concept. The payoff function for each

user is
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Stackelberg Formulation

C1(D1, P1, P2) = Eh1,h2

[
1

2
log2

(
1 +

P1(h1, h2) | h1 |2

σ2 + P2(h1, h2) | h2 |2 I(h1,h2) ∈ D1

)]

C2(D1, P1, P2) = Eh1,h2

[
1

2
log2

(
1 +

P2(h1, h2) | h2 |2

σ2 + P1(h1, h2) | h2 |2 I(h1,h2) ∈ Dc
1

)]

The payoff function of the base station is: µ1C1 + µ2C2

Definition: A strategy D∗1 is called a Stackelberg equilibrium for a given (µ1, µ2) if

µ1C1(D
∗
1, P

D∗1
1 , P

D∗1
2 ) + µ2C2(D

∗
1, P

D∗1
1 , P

D∗1
2 ) ≥ C1(D1, P1, P2) + µ2C2(D1, P1, P2)

for all D1.
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Stackelberg Formulation

The Nash equilibrium under a fixed base-station strategy D1 is the power control pair
(P ∗1 , P

∗
2 ) that satisfies

C1(D1, P
∗
1 , P

∗
2 ) ≥ C1(D1, P

′
1, P

∗
2 )

C2(D1, P
∗
1 , P

∗
2 ) ≥ C2(D1, P

∗
1 , P

′
2)
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Stackelberg Formulation

For any given power control policy P2, the optimal control policy of user 1 is the solution of:

maxP1
C1(D1, P1, P2) = max

P1(h1,h2)
Eh1,h2

[
1

2
log2

(
1 +

P1(h1, h2) | h1 |2

σ2 + P2(h1, h2) | h2 |2 I(h1,h2) ∈ D1

)]

Eh1,h2
[P1(h1, h2)] ≤ P̄1

P1(h1, h2) ≥ 0

The same holds for P2.
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Presentation

Bayesian Water-filling Games
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Motivation

So far, we have assumed that CSI is known everywhere, however, this assumption is
hardly met in practice.

For example, in practical wireless communication systems, mobile nodes can obtain her

own CSI via channel feedback (which is not “free”), but the total cost of letting every node

obtain the CSI of all other nodes is usually too high.
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The Problem

How do we formulate the game problem when some players are uncertain about the
characteristics of other players?

J. C. Harsanyi, “Games with Incomplete Information Played by “Bayesian” Players, I-III.
Part I. The Basic Model”, Management Science, Vol. 14, No. 3, Theory Series (1967).

Following John C. Harsanyi’s framework, a Bayesian game can be modelled by
introducing Nature as a player in a game.

Nature assigns a random variable to each player which could take values of “types” for
each player and associating probabilities with those “types”.

Question: Definition of Games with Incomplete Information?

Question: What does the “type” refer to?

252



Bayesian Games

John C. Harsanyi, 1920-2000

He won the 1994 Noble prize in economy with John Nash and Reinhard Selten for their

pioneering analysis of equilibria in the theory of non-cooperative games.
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Games with Incomplete Information

In game theory, complete and incomplete information refers to two different knowledge
levels (of players) about the structure of the game, which includes:

• Player set - how many participants involved? who are they?
• Other player’s action set - what are their behaviors?
• Other players’ payoff functions - what are their objects?

Complete Information: all players know the game structure.

Incomplete Information: some players do not completely know the game structure.

Remark: In many cases of interest, we assume that each player knows her own payoff
function, but she is uncertain about what her opponents’ payoff functions are.

Remark: Do not confuse incomplete information with imperfect information, which means

players do not perfectly observe the actions of other players.
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A Player’s “Type”

Definition: A player’s “type” represents any kind of private information (more precisely,
any information that is not common knowledge to all players) that is relevant to her
decision making.

A famous example is “The Market for Lemons” (lemon means bad car), in which a car
seller is assumed to have two types: honest or dishonest.

In a 1970 paper “The Market for Lemons:Quality Uncertainty and the Market Mechanism”
George A. Akerlof uses the market of used car as an example to analyze the behavior of
seller and buyer who have asymmetric information: seller has more information than buyer
about the car quality.
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“The Market for Lemons”

George A. Akerlof, 1940-

He won the 2001 Noble prize in economy with Michael Spence and Joseph E. Stiglitz for
their research related to asymmetric information.

(Although he looks like William H. Gates, but they do belong to to two different types!)
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Definition of Bayesian Games

A Bayesian game G is a strategic-form game with incomplete information. It can be
completely described as:

G =
⟨
N , {An, Tn, ρn, un}n∈N

⟩
which consists of

• A player set: N = {1, . . . , N}
and for each player n ∈ N

• An action set: An

• A type set: Tn
• A probability function: ρn : Tn → f(T−n)
• A payoff function: un : A× T → R

where A = A1 ×A2 . . .AN and T = T1 × T2 . . . TN .
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What is a Strategy?

Definition: A pure/mixed strategy for a player is an action/a probability distribution over
actions to be taken for each potential type of that player.

A strategy for player n can be modelled as a function sn mapping its type set Tn into its
action set An

sn : Tn → An

Let sn(τn) be the strategy for player n when she meets her type τn.
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Payoff and Average Payoff

Let
{
s′n(·), s−n(·)

}
be the strategy profile when all play s(·), except player n plays s′(·).

We can then write player n’s payoff as

un

(
s
′
n(τn), s−n(τ−n), τ

)
= un

(
s1(τ1), . . . , s

′
n(τn), . . . , sN(τN), τ

)
where τ = {τ1, . . . , τN} and τ−n = {τ1, . . . , τn−1, τn+1, . . . , τN}.

When Nature reveals type τn to player n, she can compute the average payoff (based on
the statistics of other players’ types) using the Bayes’ rule

Eτ−n [un (sn(τn), s−n(τ−n), τ)] =
∑

τ−n∈T−n

ρn(τ−n|τn)un (sn(τn), s−n(τ−n), τ)

Remark: Expectations are taken based on the joint distribution of all other players’ types.
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Bayesian Equilibrium

Definition The strategy profile s⋆ (·) = {s⋆n (·)}n∈N is a (pure) Bayesian equilibrium if,
for all n ∈ N , and for all sn (·) ∈ Sn, s−n (·) ∈ S−n

Eτ−n
[
un

(
s
⋆
n(τn), s

⋆
−n(τ−n), τ

)]
≥ Eτ−n

[
un

(
sn(τn), s

⋆
−n(τ−n), τ

)]
Remark: The definition is similar to Nash equilibrium in the sense that no player can gain
by unilaterally changing her own strategy. It is also called Bayesian Nash equilibrium.

Remark: At a Bayesian equilibrium, no player has any incentive to change her strategy,
even if the change involves only one action by one type.
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A Simple Wireless Model as a Game

A two-user multiple access channel

Assume transmitter xk only knows her own channel hk, k = 1, 2.

We denote by P1(h1) and P2(h2) the strategies of the two users. Note that in the
Water-filling game, the strategy is formulated as P1(h1, h2) and P2(h1, h2).

Remark: Now, it is more reasonable to say the allocation strategy is distributed.
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Bayesian Game formulation

Let us denote by P1(h1) and P1(h2) the strategies of the two users.

Now, for a fixed strategy P2(h2), finding the optimal strategy P1(h1) for user 1
(single-user best response) requires solving the following optimization problem

max
P1(h1)

Eh1,h2

[
1

2
log2

(
1 +

P1(h1) |h1|2

σ2 + P2(h2) |h2|2

)]
s.t. Eh1

[P1 (h1)] ≤ P̄1

P1 (h1) ≥ 0

and similarly for the second user.

Exercise: Solve this optimization problem using Lagrangian method and compare it with
the similar problem in the Nash formulation.
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Bayesian Game formulation

Write the first derivative of the Lagrangian function as:

Eh2

[
1

σ2 + |h1|2 P1(h1) + |h2|2 P2(h2)

]
=

λ1

|h1|2
, ∀h1

these equations together with the power constraint (with equality), i.e.,

Eh1
[P1(h1)] = P̄1

determine the solution P1(h1) and the value of λ1.

Remark: Unlike in the Nash formulation, the solution does not have an explicit
expression, and it depends on P̄1, P̄2 and the distribution of h1, h2.
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Bayesian Game formulation

For example, when we assume h1 v h2 = h− or h+ with prob. 1/2, and P̄1 = P̄2. The
slution is given by the following equations:

1

σ2 + 2P−|h−|2
+

1

σ2 + P−|h−|2 + P+|h+|2
=

λ

|h−|2

1

σ2 + 2P+|h+|2
+

1

σ2 + P−|h−|2 + P+|h+|2
=

λ

|h+|2

P− + P+ = 2P̄

Remarks: One may derive the best-response function for particular cases, but in general
it is difficult to calculate.

Question: Does a Bayesian equilibrium always exist? Moreover, is it unique?

264



Bayesian Game formulation

G. He, M. Debbah and E. Altman, “Bayesian Waterfilling Game for Fading Multiple Access
Channels”, submitted to Journal IEEE Transactions on Wireless Communications, 2009.

To prove the existence part, we could recall the Theorem for existence of pure-strategy
Nash equilibrium (pp. 66).

Exercise: Show that the strategy space in our Bayesian game is compact convex and the
objective function is continuous and quasi-concave.

To prove the uniqueness part (which is in general much more difficult), we could rely on a
sufficient condition given in:

J. B. Rosen, “Existence and Uniqueness of Equilibrium Points for Concave N-Person
Games,” Econometrica, vol. 33, pp. 520-534, July 1965.

“A non-cooperative game has a unique equilibrium, if the nonnegative weighted sum of
the payoff functions is diagonally strictly concave.”
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Potential Games

Rosenthal, R.W, ”A class of Games Possessing Pure-Strategy Nash Equilibria.” Int. J.
Game Theory 2, 65-67. 1973.

1. Ordinal Potential Games

Consider the strategic game G = (K, (Sk)k∈K , (uk)k∈K) and the space of strategies
S = S1 × . . .× SK. A function ϕ : S → R is an ordinal potential for G, if ∀k ∈ K and
any two vectors s = (s1, . . . , sK) and s′ =

(
s1, . . . , sk−1, s

′
k, sk+1, . . . sK

)
∈ S, it

holds that
uk(sk, s−k)− uk(s

′
k, s−k) > 0 iff ϕ(s)− ϕ(s

′
) > 0. (10)

G is called an ordinal potential game if it admits an ordinal potential.
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Potential Games

Rosenthal, R.W, ”A class of Games Possessing Pure-Strategy Nash Equilibria.” Int. J.
Game Theory 2, 65-67. 1973.

2. w−Potential Games

Consider the strategic game G = (K, (Sk)k∈K , (uk)k∈K), the space of strategies
S = S1 × . . .× SK and the vector w = (w1, . . . , wK) ∈ RK. A function ϕ : S −→ R
is an w−potential for G, if ∀k ∈ K and any two vectors s = (s1, . . . , sK) and
s′ =

(
s1, . . . , sk−1, s

′
k, sk+1, . . . sK

)
∈ S, it holds that

uk(sk, s−k)− uk(s
′
k, s−k) = wk

(
ϕ(s)− ϕ(s

′
)
)
. (11)

G is called an w-potential game if it admits a w−potential.

3. Exact Potential Games

When w = (1, . . . , 1) ∈ RK, then G is called exact potential game.
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Properties of Potential Games

Monderer, D. and Shapley L. S. ”Potential Games” Int. J. Games and Economic Behaviour
14, 124-143. 1996.

Property 1: Every finite ordinal potential game possesses at least one pure-strategy
equilibrium.

Let ϕ be an ordinal potential function for G = (K, (Pk)k∈K , (uk)k∈K). Then, the
equilibrium set of G coincides with the equilibrium set of G′ = (K, (Pk)k∈K , ϕ). (Players
with identical interests).

That is, s∗ = (s1, . . . , sK) ∈ S is an equilibrium point for G iff ∀k ∈ K and ∀sk ∈ Sk,
the vector s = (s∗1, . . . , s

∗
k−1, sk, s

∗
k+1, . . . , s

∗
K) satisfies:

ϕ(s
∗
) > ϕ(s). (12)

Consequently, if ϕ admits at least a local maximal value in S, then G possesses a
pure-strategy equilibrium.
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Properties of Potential Games

Monderer, D. and Shapley L. S. ”Potential Games” Int. J. Games and Economic Behaviour
14, 124-143. 1996.

Property 2: Every ordinal potential game G = (K, (Sk)k∈K , ϕ) with Sk a finite discrete
set for all k ∈ K has the finite improvement property (FIP).

Denote by s(i) =
(
s
(i)
1 , . . . , s

(i)
K

)
a strategy profile at stage i ∈ N. Any sequence

γ = {s(0), s(1), . . .} is called improvement path of G if for every i > 1 there exists a
unique player k ∈ K such that s(i) =

(
s
(i−1)
1 , . . . , s

(i−1)
k−1 , s

(i)
k , s

(i−1)
k+1 , . . . , s

(i−1)
K )

)
for

some s
(i)
k ̸= s

(i−1)
k ∈ Sk such that

ϕ
(
s
(0)
)

< ϕ
(
s
(1)
)

< . . . . (13)

Thus, if the set of strategies is a discrete finite set, any improvement path is finite.
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Properties of Potential Games

Monderer, D. and Shapley L. S. ”Ficticious Play Property for Games with Identical
Interests” Int. J. Economic Theory 68, 258-265. 1996.

Property 3: Every finite weighted potential game has the fictitious play property.

What is a fictitious play process?

Assume a game where players are using stationary (i.e. time independent) mixed
strategies. Players observe the actions taken by all the other players in previous stages,
update their believes (i.e. empirical probability distributions) about their opponents
strategies, and choose myopic pure best responses to these beliefs.

What is the fictitious play property (FPP)?

We say that the game has the Fictitious Play Property (FPP) if the fictitious play process
converges to an equilibrium.
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Properties of Potential Games

Monderer, D. and Shapley L. S. ”Potential Games” Int. J. Games and Economic Behavior
14, 124-143. 1996.

Property 4: Let ϕ1 and ϕ2 be potentials for G =
(
K, (Sk)k∈K , (uk)k∈K

)
. Then, there

exists a constant c such that

∀s ∈ S, ϕ1(s)− ϕ2(s) = c. (14)

If both ϕ1 and ϕ2 are potentials for G, then, ∀s = (s1, . . . , sK) ∈ S and ∀k ∈ K, the
vector s′ =

(
s1, . . . , sk−1, s

′
k, sk−1, . . . , sK

)
, with s′k ∈ Sk satisfies that

uk(sk, s−k)− uk(s
′
k, s−k) = ϕ1(s)− ϕ1(s

′
) (15)

= ϕ2(s)− ϕ2(s
′
). (16)

Then, the difference between (15) and (16) yields

ϕ1(s)− ϕ2(s) = ϕ1(s
′
)− ϕ2(s

′
). (17)

Thus, ∀s ∈ S, ϕ1(s)− ϕ2(s) = c.
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Properties of Potential Games

Monderer, D. and Shapley L. S. ”Potential Games” Int. J. Games and Economic Behavior
14, 124-143. 1996.

Property 5: Let G =
(
K, (Sk)k∈K , (uk)k∈K

)
be a finite game. Then, G is a w−potential

game if and only if the mixed extension of G is a w−potential game.

Let Pk be the set of mixed-strategies of player k ∈ K and let Uk be the utility function of G
in the mixed extension of G,

Uk(pk,p−k) =
∑
s∈S

K∏
j=1

pj(sj)uk(sk, s−k).

where, pk ∈ Pk is a probability distribution function over the set of pure strategies Sk of
player k ∈ K. If ϕ̄ : P −→ R, with P = P1 × . . .× PK, is a w−potential for the
mixed-strategy extension of G, then the restriction from P to S yields a w−potential for G.
As for the converse, suppose that ϕ is a w−potential function of G. Then, it follows that

ϕ̄(p) =
∑
s∈S

K∏
k=1

pk(sk)ϕ(s).

is a potential for the mixed-strategy extension of G.
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Properties of Potential Games

Neyman, A. ”Correlated Equilibrium and Potential Games” Int. J. Game Theory 26,
223-227. 1997.

Property 6: In the potential game G = (K, (Pk)k∈K , ϕ), if ∀k ∈ K, the sets Sk are
convex and ϕ is quasi-concave. Then, any correlated equilibrium of G is a mixture of pure
strategy profiles which maximize the potential.

From property 6, it follows that if ϕ is strictly-concave, then there exists a unique correlated
equilibrium and corresponds to the pure strategy profile which maximizes the potential.
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Why to Study Potential Games in Wireless
Communications?

G. Scutari, S. Barbarossa, and D. Palomar, Potential Games: A Framework for Vector
Power Control Problems with Coupled Constraints, in Proc. IEEE ICASSP, Toulouse,
France, May 14-19, 2006.

Performance metrics such as (Shannon) transmission rate and spectral efficiency have an
exact potential. Other potentials such as energy efficiency has ordinal potentials.

S.M. Perlaza, V.E. Belmega, S. Lasaulce, and M. Debbah: ”On the Base Station Selection
and Base Station Sharing in Self-Configuring Networks”, in Proc. 3rd ICST/ACM
Valuetools, October 2009.

G. He, S. Betz, and M. Debbah: ”Game-Theoretic Deployment Design of Small-Cell
OFDM Networks”, in Proc. 3rd ICST/ACM Valuetools, October 2009.

The finite improvement property can be used to implement decentralized algorithms in
self-configuring networks to solve problems such as: channel selection, power allocation,

receiver (e.g. access point) selection.
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Example 1: A Network Association Problem (1)

S.M. Perlaza, V.E. Belmega, S. Lasaulce, and M. Debbah: ”On the Base Station Selection
and Base Station Sharing in Self-Configuring Networks”, in Proc. 3rd ICST/ACM
Valuetools, October 2009.
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Each transmitter autonomously connects to a given network using several Access Points
(AP) aiming to selfishly maximize its own spectral efficiency. Each AP s ∈ S =

{1, . . . , S} operates in a different band with bandwidth Bs and
S∑

s=1

Bs = B
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Example 1: A Network Association Problem (2)

The network association problem can be modeled as a non-cooperative game
G = (K, (Pk)k∈K , (uk)k∈K) with

• A set of K players (transmitters): K = {1, . . . , K},

• A set of actions (strategy) for each player:

Pk =

(pk,1, . . . , pk,S) ∈ RS : ∀s ∈ S, pk,s > 0, and
∑
s∈S

pk,s 6 pmax

 .

• A utility function for each player:

uk(pk,p−k, ) =
∑
s∈S

Bs

B
log2

1 +
pk,sgk,s

σ2s +
∑

j∈K\k
pj,sgj,s

 bps/Hz. (18)

• The game G is an exact potential game, with potential function:

ϕ(p) =
∑
s∈S

Bs

B
log2

σ
2
s +

K∑
k=1

pk,sgk,s

 . (19)
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Example 1: A Network Association Problem (3)

Following Property 1, we know that there exists at least one NE and it must be the
solution to the following optimization problem (OP):

max
p∈P

ϕ(p). (20)

Each strategy set Pk, ∀k ∈ K, is a closed convex set in RS
+ and the potential is a strictly

concave function. Thus, the following OP (best response of player k),

max
x∈Pk

ϕ
(
p1, . . . ,pk−1,x,pk+1, . . . ,pK

)
, ∀k ∈ K and ∀p−k ∈ P−k, (21)

has a unique (water-filling) solution: p∗k,s =
[

Bs
B βk
−

ζk,s
gk,s

]+
.

Here, ζk,s = σ2
s +

∑
k∈K\{k}

pk,sgk,s can be determined by each player k ∈ K by using a

common message ζs = σ2
s +

K∑
k=1

pk,sgk,s from each AP s ∈ S, by calculating

ζk,s = ζs − pk,sgk,s when gk,s is known at the transmitter k for all s ∈ S
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Example 1: A Network Association Problem (4)

Then, the OP (20) can be solved iteratively by using the best response dynamics
(Property 2). Denote by pk(t)

∗ = (pk,1(t)
∗, . . . , pk,S(t)

∗) the optimal PA for player k at
instant t ∈ N, i.e.,

pk(t)
∗
= argmaxpk∈Pk

ϕ
(
p1(t), ...,pk−1(t),pk(t− 1),pk+1(t− 1), ...,pK(t− 1)

)
and assume that at time t, k = mod(t,K). Then, since at each t the solution is unique,
the convergence of the sequence {pk(t)}t∈{1,...,N} for all k ∈ K toward the unique
solution of (20) (NE) for N >> 0 is ensured, regardless of the initial point p(0).

A fully decentralized algorithm:
• REQUIRE ∀k ∈ K,

MAI Vector: ζk(0) =
(
ζk,1(0), . . . , ζk,S(0)

)
Channel Realizations: gk =

(
gk,1, . . . , gk,S

)
, ∀k ∈ K

t← 0.

• REPEAT
t← t + 1
FOR k = 1 to K
⋄ pk(t)← arg max

pk∈Pk
ϕ(p)

ENDFOR

• UNTIL p(t) = p(t− 1)
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Example 1: A Network Association Problem (5)

Convergence of the decentralized algorithm.

5 10 15 20 25 30
Steps

 

Random Updates.
Maximum Potential
Round Robin Updates

Figure 1: Evolution of the potential at each update of the players using the AP Sharing. Number of players K = 6, Number

of APs S = 3,
B1
B

= 0.75,
B2
B

= 0.21, and
B3
B

= 0.04. SNR = 10 log10

(
pmax
N0B

)
= 10 dB.
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Example 1: A Network Association Problem (6)

Evolution of the Sum rate as a function of the number of active players:

0 2 4 6 8 10 12 14 16 18 20
1

2

3

4

5

6

7

Number of Players K .

 

 

AP Pareto Optimal. S = 6.

AP Sharing. S = 6.

AP Pareto Optimal. S = 8.

AP Sharing. S = 8.

Figure 2: Network spectral efficiency as a function of the number of players K for the case of S ∈ {6, 8} APs.

SNR = 10 log10

(
pmax
N0B

)
= 10 dB and B = 1Hz and ∀s ∈ S, αs = 1

S
. The SCALE algorithm is described in [?]

.
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Motivation Learning Equilibria in Cognitive Radio Networks Study Cases Conclusions

The Big Challenge

How to achieve a (Nash) equilibrium in cognitive radio networks?

A CR possesses only local information

Topology is dynamically changing.

Signaling between CR is limited.

Spectrum sensing is not reliable.

Some existing contributions: [Sastry-1994] [Yu-2004] [Pang-2008]
[Scutari-2009] [Leshem-2009] [Larsson-2009] [Iellamo-2011] [Rose-2011]
[Perlaza-2011a].
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Learning Equilibria in Cognitive Radio Networks

Learning Iterative Steps:

Choose action ak (t) ∼ πk (t).

Observe game outcome, e.g.,
a−k (t)
uk (ak (t), a−k (t)).

Improve πk (t + 1).

h(t)

ak (t)

(i) a−k (t)

(ii) ũk (t)

πk (t)

Thus, we can expect that: ∀k ∈ K,

πk (t) t→∞−→ π∗k (6)

ūk (πk (t),π−k (t))
t→∞−→ ūk (π∗k ,π

∗
−k ) (7)

where, π∗ = (π∗1 , . . . ,π
∗
K ) is a NE strategy profile.

10 / 33



Motivation Learning Equilibria in Cognitive Radio Networks Study Cases Conclusions

Learning Techniques in Cognitive Radio Networks

Best Response Dynamics (BRD):
[Scutari-2008a] [Pang-2008] [Larsson-2009] [Perlaza-2009]

Fictitious Play (FP):
[Perlaza-2010]

Reinforcement Learning (RL):
[Sastry-1994]

Joint Utility STrategy lEarning (JUSTE):
[Perlaza-2010c]

Other techniques not treated here:
Regret Matching Learning [Altman-2008], Q-Learning [Bennis-2010],
Bandits [Liu-2010]], Imitation Learning [Iellamo-2011], etc.
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Best Response Dynamics (1)

Definition (Best-Response Correspondence)

In the game G, the correspondence BRk : A−k → Ak , such that

BRk (a−k ) = arg max
a′k∈Ak

uk
(
a′k , a−k

)
, (8)

is the best response correspondence of player k, given the actions a−k .

Sequential BRD: One player updates its action.

Simultaneous BRD: All players update its action.
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Best Response Dynamics (2)

BRD
Convergence NE
Observations a−k (t)

Closed Expr. for uk Yes
Calculation. Cap. Optim.
Noise Tolerance. No

Enviroment Static

BRD converges to NE in potential games [Monderer-Shapley-1996a].
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Fictitious Play (1)

G. W. Brown, “Iterative solution of games by Fictitious play", Activity Analysis of Production and Allocation, vol.
13, no. 1, pp. 374-376, 1951.

At game stage t , player k observes a−k (t − 1).

Each player calculates the empirical frequency of all actions A(nk )
k , i.e.,

f
k,A

(nk )

k
(t) =

1
t − 1

t−1∑
s=0

1{
ak (s)=A

(nk )

k

}, (9)

Player k choses its action ak (t) to maximize its expected utility:

ak (t) ∈ arg max
a′k∈Ak

∑
a−k∈A−k

uk
(
a′k , a−k

) ∏
j∈K\{k}

fj,aj (t). (10)

14 / 33



Motivation Learning Equilibria in Cognitive Radio Networks Study Cases Conclusions

Fictitious Play (2)

BRD FP
Convergence NE NE
Observations a−k (t) a−k (t)

Closed Expr. for uk Yes Yes
Calculation. Cap. Optim. Optim.
Noise Tolerance. No No

Enviroment Static Stationary

FP converges to NE in

Zero-sum games [Robinson-1951],

Potential games [Monderer-Shapley-1996b],

Generic 2× 2 games [Miyazawa-1961].

Does FP really converges in Potential Games? [Perlaza-2010b]
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Cumulative Payoff Matching (1)

Players k observes ũk (t) = uk (ak (t), a−k (t)) at each stage.

Player k calculates its cumulative utility θ
k,A

(nk )

k
with all actions A(nk )

k :

θ
k,A

(nk )

k
(t) =

t−1∑
s=0

ũk (s)1{
ak (s)=A

(nk )

k

}. (11)

The higher θ
k,A

(nk )

k
(t), the higher the probability π

k,A
(nk )

k
(t), i.e.,

π
k,A

(nk )

k
(t) =

θ
k,A

(nk )

k
(t)∑

ak∈Ak
θk,ak (t)

(12)
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Cumulative Payoff Matching (2)

BRD FP RL
Convergence NE NE −−
Observations a−k (t) a−k (t) ũk (t)

Closed Expr. for uk Yes Yes No
Calculation. Cap. Optim. Optim. Algeb. Oper.
Noise Tolerance. No No No

Enviroment Static Stationary Stationary

In some cases, RL can converge to NE [Sastry-1994].
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Joint Utility and Strategy Learning - JUSTE
S. M. Perlaza, S. Lasaulce, H. Tembine, and M. Debbah, “Radio resource sharing in decentralized wireless
networks: A logit equilibrium approach”, Submitted to IEEE JSTP on Signal Processing, June. 2011.

Players k observes ũk (t) = uk (ak (t), a−k (t)) at each stage.

Player k calculates its expected utility θ
k,A

(nk )

k
with all its actions A(nk )

k :

ū
k,A

(nk )

k
(t) =

1
T

k,A
(nk )

k
(t)

t−1∑
s=0

ũk (s)1{
ak (s)=A

(nk )

k

}, (13)

The higher ū
k,A

(nk )

k
(t), the higher the probability π

k,A
(nk )

k
(t), i.e.,

π
k,A

(nk )

k
(t) = π

k,A
(nk )

k
(t − 1) + λk (t)

(
β

k,A
(nk )

k
(ûk (t))− π

k,A
(nk )

k
(t − 1)

)
.

where β
(γk )
k (ūk (·,π−k )) is a logit function.
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Joint Utility and STrategy lEarning - JUSTE (1)
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Smooth Best Response κ = 1.

Figure: (left) Mean utility achieved with each of the actions. (right)
Corresponding Probability Distribution (Logit Function).
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Joint Utility and STrategy lEarning - JUSTE (2)

BRD FP RL JUSTE
Convergence NE NE −− ε-NE
Observations a−k (t) a−k (t) ũk (t) ũk (t)

Closed Expr. for uk Yes Yes No No
Calculation. Cap. Optim. Optim. Algeb. Oper. Algeb. Oper.
Noise Tolerance. No No No Yes

Enviroment Static Stationary Stationary Stationary
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Example: A Parallel Interference Channel (1)
L. Rose, S. M. Perlaza, and M. Debbah, “On the Nash equilibria in decentralized parallel interference
channels”, ICC2011, Kyoto, Japan, Jun. 2011.

Consider the game
G =

(
K, {Ak}k∈K , {uk}k∈K

)
.

K={1,2} and ∀k∈K,

Ak={1,0}.

uk (αk ,α−k )=log2

1+
αk g(1)k,k

1+α−k g(1)k,−k

+

log2

1+
(1−αk )g(2)k,k

1+(1−α−k )g(2)k,−k

.

Tx1\Tx2 α2=1 α2=0

α1=1 (u1(1,1),u2(1,1)) (u1(1,0),u2(0,1))

α1=0 (u1(0,1),u2(1,0)) (u1(0,0),u2(0,0))

Single antenna radios with limited power pmax.
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Example: A Parallel Interference Channel (2)
L. Rose, S. M. Perlaza, and M. Debbah, “On the Nash equilibria in decentralized parallel interference
channels”, ICC2011, Kyoto, Japan, Jun. 2011.
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Figure: Probability of observing either
one or two NE in the game
G =

(
K, {Ak}k∈K , {uk}k∈K

)
.

Two cases can be observed:

Unique NE:(
α∗1 , α

∗
2

)
∈ {α1, α2 ∈ {0, 1} :

(α1, α2)}
2 NE:

(
α∗1 , α

∗
2

)
∈ {(0, 1) , (1, 0)}
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Example: A Parallel Interference Channel (4)
Rose, L. and Perlaza, S. M. and Lasaulce, S. and Debbah, M., “Learning Equilibria with Partial Information in
Wireless Networks", IEEE Communications Magazine, Special Issue in Game Theory for Wireless
Communications, August, 2011.

Figure: Average number of iterations required to observe convergence to a NE in the game

G =
(
K, {Ak}k∈K , {uk}k∈K

)
.

24 / 33



Motivation Learning Equilibria in Cognitive Radio Networks Study Cases Conclusions

Example: A Parallel Interference Channel (5)
Rose, L. and Perlaza, S. M. and Lasaulce, S. and Debbah, M., “Learning Equilibria with Partial Information in
Wireless Networks", IEEE Communications Magazine, Special Issue in Game Theory for Wireless
Communications, August, 2011.

Figure: Average sum spectral efficiency [bps/Hz] as a function of the number of iterations when the signal to
noise ratio (SNR) is fixed to 10 dB.
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Example: A Parallel Interference Channel (6)
Rose, L. and Perlaza, S. M. and Lasaulce, S. and Debbah, M., “Learning Equilibria with Partial Information in
Wireless Networks", IEEE Communications Magazine, Special Issue in Game Theory for Wireless
Communications, August, 2011.

Figure: Average sum spectral efficiency [bps/Hz] as a function of the signal to noise ratio (SNR) when the
maximum number of iterations has been fixed to 40 iterations.
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Example: A Parallel Interference Channel (7)
Rose, L. and Perlaza, S. M. and Lasaulce, S. and Debbah, M., “Learning Equilibria with Partial Information in
Wireless Networks", IEEE Communications Magazine, Special Issue in Game Theory for Wireless
Communications, August, 2011.
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σ2 = 10 dBs.

27 / 33



Motivation Learning Equilibria in Cognitive Radio Networks Study Cases Conclusions

Outline

Motivation

Learning Equilibria in Cognitive Radio Networks

Study Cases

Conclusions

28 / 33



Motivation Learning Equilibria in Cognitive Radio Networks Study Cases Conclusions

Conclusions

Properties of NE (existance, multiplicity) in CRN are topology-dependent.
A general algorithm for achieving NE in CRN is still unknown.

It is possible to converge to NE using only local information. (always?)

More information does not imply better convergence properties.

More choices does not imply better performance.
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